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C 3 ■ Abstract. The homotopy theory of higher categorical structures has become a relevant 

^\J ' part of the machinery of algebraic topology and algebraic K-theory. This paper con- 

tains some contributions to the study of classifying spaces for tricategories, with appli- 
cations to the homotopy theory of categories, monoidal categories, bicategories, braided 
monoidal categories, and monoidal bicategories. Any tricategory characteristically has 
associated various simplicial or pseudo-simplicial objects. This paper explores the rela- 
l ' tionship amongst three of them: the pseudo-simplicial bicategory so-called Grothendieck 

vN ^ nerve of the tricategory, the simplicial bicategory termed its Segal nerve, and the sim- 

plicial set called its Street geometric nerve, and it proves the fact that the geometric 
realizations of all of these possible candidate 'nerves of the tricategory' are homotopy 
equivalent. Any one of these realizations could therefore be taken as the classifying 
space of the tricategory. Our results provide coherence for all reasonable extensions to 
tricategories of Quillen's definition of the classifying space of a category as the geometric 
realization of the category's Grothendieck nerve. Many properties of the classifying space 
C^ ' construction for tricategories may be easier to establish depending on the nerve used for 

realizations. For instance, by using Grothendieck nerves we state and prove the precise 
form in which the process of taking classifying spaces transports tricategorical coherence 
to homotopy coherence. Segal nerves allow us to obtain an extension to bicategories 
fvj ' of the results by Mac Lane, Stasheff, and Fiedorowicz about the relation between loop 

^ ^ spaces and monoidal or braided monoidal categories by showing that the group comple- 

^i^ , tion of the classifying space of a bicategory enriched with a monoidal structure is, in a 

VQ ' precise way, a loop space. With the use of geometric nerves, we obtain genuine simpli- 

\ jr^ ' cial sets whose simplices have a pleasing geometrical description in terms of the cells of 

»>f-\ ^ the tricategory and, furthermore, we obtain an extension of the results by Joyal, Street, 

and Tierney about the classification of braided categorical groups and their relationship 
with connected, simply connected homotopy 3-types, by showing that, via the classifying 
space construction, bicategorical groups are a convenient algebraic model for connected 



CN homotopy 3- 



types. 



1. Introduction and summary 

The process of taking classifying spaces of categorical structures has shown its relevance 
as a tool in algebraic topology and algebraic K-theory, and one of the main reasons is that 
the classifying space constructions transport categorical coherence to homotopic coherence. 
We can easily stress the historical relevance of the construction of classifying spaces by 
recalling that Quillen [35] defines a higher algebraic iiT-theory by taking homotopy groups 
of the classifying spaces of certain categories. Joyal and Tierney [26 have shown that Gray- 
groupoids are a suitable framework for studying homotopy 3-types. Monoidal categories were 
shown by Stasheff [42] to be algebraic models for loop spaces, and work by May [32] and 
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Segal 22 showed that classifying spaces of symmetric monoidal categories provide the most 
noteworthy examples of spaces with the extra structure required to define an rj-spectrum, 
a fact exploited with great success in algebraic K-theory. 

This paper contains some contributions to the study of classifying spaces for tricategories 
T = (7~, a, I, r, TT, fi, A, p), introduced by Gordon-Power-Street in 17 . Since our results find 
here direct applications to monoidal categories, bicategories, braided monoidal categories, or 
monoidal bicategories, the paper will quite possibly be of special interest to iiT-theorists as 
well as to researchers interested in homotopy theory of higher categorical structures, a theory 
with demonstrated relevance as a tool for the treatment of an extensive list of subjects of 
recognized mathematical interest in several mathematical contexts beyond homotopy theory, 
such as algebraic geometry, geometric structures on low-dimensional manifolds, string field 
theory, quantum algebra, or topological quantum theory and conformal field theory. 

As for bicategories |9], there is a miscellaneous collection of different 'nerves' that have 
been (or might reasonably be) characteristically associated to any tricategory T. This pa- 
per explores the relationship amongst three of these nerves: the pseudo-simplicial bicategory 
called the Grothendieck nerve NT = (NT, x,a;) : A°p -^ Bicat, the simplicial bicategory 
termed the Segal nerve ST : A°p — >■ Bicat, and the simplicial set called the Street geomet- 
ric nerve AT : A°p — >■ Set. Since, as we prove, these three nerve constructions lead to 
homotopy equivalent spaces, any one of these spaces could therefore be taken as the clas- 
sifying space BT of the bicategory. Many properties of the classifying space construction 
for tricategories, T H> BT, may be easier to establish depending on the nerve used for re- 
alizations. Here, both for historical reasons and for theoretical interest, it is appropriate to 
start with the Grothendieck nerve construction to introduce BT. Let us briefiy recall that 
it was Grothendieck [18j who first associated a simplicial set NC to a small category C, 
calling it its nerve, whose p-simplices are composable p-tuples Xj, —)■•••—>■ a;o of morphisms 
in C Geometric realization of its nerve is the classifying space of the category, BC = |NC|. 
Hence, our first relevant result in the paper shows how Grothendieck nerve construction for 
categories rises to tricategories, that is, is to prove that 

"Any tricategory T defines a normal pseudo-simplicial bicategory 

NT = (NT, X, w) : A°P ^ Bicat, 
whose bicategory of p-simplices consists of p-tuples of composable cells, 
^pJ' ^ |_J T{xi,xq) xT{x2,xi) X ■■■ xT{Xp,Xp^i). 

(a:o,...,a:p)GObrP+i 

^/ [?] ^ [p] ''S fl'^?/ raap in the simplicial category A, then the associ- 
ated homomorphism a* : NpT — > NgT is induced by the unit 1 — J> T(x, x) 
and composition Tijj, z) x T(a;, y) —> T(x, z) homomorphisms. The struc- 
ture pseudo- equivalences Xa.b '■ b*a* => {ab)* , for maps [n] — >■ [q] — J> [p], 
canonically arise from the structure pseudo-equivalences a, I, and r, while 
the structure invertible modifications Xa,bc°Xb.cO.* ^ Xab.c° c*)(a.b, for maps 

[m] — ?> [n] — >■ [q] — ^ [p], are canonically provided by the modifications data 
TT, p.,X, p of the tricategory. " 

Then, heavily dependent on the results by Carrasco-Cegarra-Garzon |10) . where an anal- 
ysis of classifying spaces is performed for lax diagrams of bicategories following the way 
Segal [37j and Thomason j44j analyzed lax diagrams of categories, we introduce the clas- 
sifying space BT, of a tricategory T, to be the classifying space of its Grothendieck nerve 
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NT. Briefly, say that the so-caUed Grothendieck construction [TOl §3.1] on the pseudo- 
simphcial bicategory NT produces a bicategory J^T, whose objects are the pairs {x,p), 
where p > is an integer and x — (xp —!■■•■—>■ xq) is an object of the bicategory NjT, 
whose hom-categories are 

J^Nr{{y,q),{x,p))= U ^qT{y,a*x), 

k]Mp] 

and whose compositions, identities, and structure constraints are defined naturahy. Again, 
Grothendieck nerve construction on this bicategory, r.NT, now gives rise to a normal pseudo- 
simplicial category N(_^NT) : A°p — > Cat, on which once more Grothendieck construction 
leads to a category, _^N(_^NT), whose classifying space is, by definition, the classifying 
space of the tricategory, that is, 

BT=|N(4N(4NT))|. 

The precise behavior of this classifying space construction, T M> BT, can be summarized 
as follows: 

"- Any trihomomorphism between tricategories F : T ^ T' induces a con- 
tinuous map BT : BT — s> BT'. 

- If F,G : T ^ T' are two trihomomorphisms between tricategories, then 
any tritransformation, F ^ G, canonically defines a honiotopy between the 
induced maps on classifying spaces, BT ~ BG : BT -^ BT' . 

- For any tricategory T, there is a homotopy BI7- ~ Ibt ■ BT — >■ BT and, 
for any composable trihomomorphisms H : T -^ T' and H' : T' ^ T" , 
there is a homotopy BH' BH ~ B(H'H) : BT -^ BT" . 

- Any triequivalence of tricategories T ~^ T' induces a homotopy equivalence 
on classifying spaces BT — BT' . " 

For instance, we provide a positive answer (long assumed) to the question whether, as a 
consequence of the coherence theorem for tricategories by Gordon-Power-Street [T7], every 
tricategory is 'homotopy equivalent' to a Gray-category. More precisely, the coherence the- 
orem states that, for any tricategory T, there is a Gray-category G(T) with a triequivalence 
T -^ G(T). Then, it is a result that 

"There is an induced homotopy equivalence BT — BG(T)." 

To deal with the delooping properties of certain classifying spaces, for any tricategory 
T, we introduce its Segal nerve ST. This is a simplicial bicategory whose bicategory of 
p-simplices is the bicategory of unitary homomorphic representations of the ordinal category 
[p] in T (roughly speaking, trihomomorphisms [p] — ^ T satisfying various requirements of 
normality). Each ST is a 'special' simplicial bicategory, in the sense that the Segal projection 
homomorphisms on it are biequivalences of bicategories, and thus it is a weak 3-category from 
the standpoint of Tamsamani j43| and Simpson [38]. When T is a reduced tricategory (i.e., 
with only one object), then the simplicial space BST : A°p —^ Top, obtained by replacing the 
bicategories SpT by their classifying spaces BSpT, is a special simplicial space. Therefore, 
according to Segal j^T], 51|BST| is a group completion of BSiT In our development here, a 
relevant result is the following: 

"For any tricategory T, there is a homotopy equivalence BT — |BST|/' 

which we apply to the study of classifying spaces of monoidal bicategories. Recall the 
aforementioned fact by Stasheff and Mac Lane, that the group completion of the classifying 
space of a category enriched with a monoidal structure is, in a precise way, a loop space. Any 
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monoidal bicategory (S, (8)) gives rise to a one-object tricategory I](S, (g)), its 'suspension' 
tricategory following Street's terminology (or 'delooping' in the terminology of Kapranov- 
Voevodsky [3S] or Berger |S|). Defining the classifying space of a monoidal bicategory 
{B, ®) to be the classifying space of its suspension tricategory, that is, B(i3, ®) = BE(S, 0), 
we mainly prove the following extension to bicategories of Stasheff's result on monoidal 
categories: 

"For any monoidal bicategory (B,®), the loop space of its classifying space, 
flB{B,'S>), is a group completion of the classifiying space of the underlying 
bicategory, BS. In particular, if the monoid of connected components ttqB 
is a group, then there is a homotopy equivalence BS ~ riQ{B,®)." 

If (C, ®, c) any braided monoidal category, then, thanks to the braiding, the suspension of 
the underlying monoidal category S(C, ®), which is actually a bicategory, has a structure of 
monoidal bicategory. Hence, the double suspension tricategory T?{C, ®, c) = E(E(C, ®), ®) 
is defined. Since the classifying space of the braided monoidal category is just the classifying 
space of its double suspension tricategory, that is, B(C, Cg>,c) = B5]^(C, (g, c), the above 
result implies the existence of a homotopy equivalence riB(C, ®, c) ~ B(C, ®), between the 
loop space of classifying space of the braided monoidal category and the classifying space of 
the underlying monoidal category, a fact recently proved by Carrasco-Cegarra-Garzon [10] . 
Further, we conclude that 

"For any braided monoidal category (C, Cg), c), the double loop space r2^B(C, ®, c) 
is a group completion of BC, " 

and thus a new proof that the group completion of the underlying category of a braided 
monoidal category is a double loop space, as was noted by StashefF [42] but originally proven 
by Fiedorowicz !T4] (see also Berger 5 and Baltenau-Fiedorowicz-Schwanzl-Vogt [4]). Let 
us stress that, just because of this double-loop property, braided monoidal categories have 
been playing a key role in recent developments in quantum theory and related topics. 

The process followed for defining the classifying space of a tricategory 7", by means of its 
Grothendieck nerve NT, is quite indirect and the CW-complex BT thus obtained has little 
apparent intuitive connection with the cells of the original tricategory. However, when 7" is 
a (strict) 3-category, then the space jdiagNNNTI, the geometric realization of the simplicial 
set diagonal of the 3-simplicial set 3-fold nerve of T, has usually been taken in the literature 
as the 'correct' classifying space of the 3-category. A result in the paper states that 

" For any 3-category T, there is homotopy equivalence B7~ — |diagNNN7~|. " 

The construction of the simplicial set diagNNNT for 3-categories does not work in the 
non-strict case since the compositions in arbitrary tricategories are not associative and not 
unitary, which is crucial for the 3-simplicial structure of the triple nerve NNN7~, but only 
up to coherent equivalences or isomorphisms. There is, however, another convincing way 
of associating a simplicial set to a 3-category T through its geometric nerve AT, thanks 
to Street [S^. He extends each ordinal [p] = {0 < 1 < • • • < p} to a p-category Op, the 
p^^-oriental, such that the p-simplices of AT are just the 3-functors Op -^ T. Thus, AT 
is a simplicial set whose 0-simplices are the objects (0-cells) Fq of T, whose 1-simplices are 
the 1-cells Fqi : -^i — > -fo, whose 2-simplices 

T2 

-^"12 / V -f02 

Fi ^ ^ To, 
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consist of two composable 1-cells and a 2-cell F012 : Fqi (g) F12 => F02, and so on. For 
instance, if T = S^A is the 3-gToupoid having only one i-ceh for < i < 2 and whose 
S-cehs are the elements of an abelian group A, with all the compositions given by addition 
in A, then AE^A = K{A,3), the Eilenberg-Mac Lane minimal complex. In fact, as for the 
strict case, the geometric nerve construction AT" even works for arbitrary tricategories T, as 
Duskin 13 and Street [41] pointed out, and we discuss here in detail. The geometric nerve 
AT is defined to be the simplicial set whose p-simplices are unitary representations of the 
ordinal category [p] in the tricategory 7" (roughly speaking, lax functors [p] — > T satisfying 
various requirements of normality). This is a simplicial set which completely encodes all 
the structure of the tricategory and, furthermore, the cells of its geometric realization |A7~| 
have a pleasing geometrical description in terms of the cells of T. As a main result in the 
paper, we state and prove that 

"For any tricategory T, there is a homotopy equivalence BT — |A7~|." 
If {B, ®) is any monoidal bicategory, then its geometric nerve, A{B, €5), is defined to be 
the geometric nerve of its suspension tricategory S(,B, ®). Then, we obtain the following: 

"For any monoidal bicategory {B,(S), there is a homotopy equivalence 

B(S,®)~|A(i3,®)|." 

For instance, since the geometric nerve of a braided monoidal category (C, (8),c) is the 
geometric nerve of its double suspension tricategory, that is, A(C, (g), c) = A5]^(C, (8), c), the 
existence of a homotopy equivalence B(C, (X), c) ~ |A(C, (g), c)\ follows, a fact proved in [10]. 
The geometric nerve A{B, ig)), of any given monoidal bicategory (B, (E)), is a Kan complex 
if and only if (S, (g)) is a bicategorical group (or weak 3-group, or Gr-bicategory) , that is, 
a monoidal bicategory whose 2-cells are isomorphisms, whose 1-cells are equivalences, and 
each object x has a quasi-inverse with respect to the tensor product. In other words, 
a bicategorical group is a monoidal bicategory whose suspension tricategory T,{B, (g)) is a 
trigroupoid (or Azumaya tricategory in the terminology of Gordon-Power-Street [T7]). The 
geometric nerve of any bicategorical group {B, ®) is then a one vertex Kan complex, whose 
homotopy groups can be described using only the algebraic structure of (S, ®) by 

- 7riA(i3,0) = 0, if i 7^ 1,2, 3. 

- 7riA(,B, ®) = Ob;B/ ~, the group of equivalence classes of objects in B where 
multiplication is induced by the tensor product. 

- 7r2A(S, ®) = AutB(l)/=, the group of isomorphism classes of autoequivalences of 
the unit object where the operation is induced by the horizontal composition in B. 

- 7r3 A(,S, eg)) = Autg(li), the group of automorphisms of the identity 1-cell of the unit 
object where the operation is vertical composition in B. 

Hence, its classifying space B(i3, g)) is a (path) connected homotopy 3-type. In fact, ev- 
ery connected homotopy 3-type can be realized in this way from a bicategorical group, as 
suggested by the unpublished but widely publicized result of Joyal and Tierney [55] that 
Gray-groups (called semistrict 3-groups by Baez-Neuchl [Tj) model connected homotopy 3- 
types (see also Berger [5], Lack [28], or Leroy [30]). Recall that, by the coherence theorem 
for tricategories, every bicategorical group is monoidal biequivalent to a Gray-group. In the 
last example in the paper, we outline in some detail the proof of the following statement: 
"For any connected CW-complex X with iTiX = for i > A, there is a 
bicategorical group (B,®) with a homotopy equivalence 'Q{B,®) c± X." 
In the proof of this result, we explicitly show how to construct from any connected minimal 
complex M with iTiM = for i ^ 1,2,3, a bicategorical group (B,®) with a simplicial 
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isomorphism A{B, (g)) = AI. In the particular case when, in addition, tt^AI — 0, then the 
resulting bicategorical group has all its 2-cells identities, that is, it is actually a categorical 
group (C, (8)) [M]- While in the particular case where ttiM — 0, the bicategorical group has 
only one object, so that it is actually the suspension of a braided categorical group (C, (8, c) 
[24j . Hence, our proof implicitly covers two relevant particular cases, already well-known 
from Joyal-Tierney j26j (see also f8]), one stating that categorical groups are a convenient 
algebraic model for connected homotopy 2-types, and the other that braided categorical 
groups are algebraic models for connected, simply-connected homotopy 3-types, namely: 

"For any path- connected CW-complex X , there is categorical group (C, (8)) 
and a homotopy equivalence B(C, ®) :^ X if and only if TTiX = for z > 3. " 

"For any path- connected CW-complex X , there is a braided categorical group 
(C, CE), c) and a homotopy equivalence B(C, eg), c) ~ X if and only ifniX — 
for i = I and i > 3 . " 

1.1. The organization of the paper. The plan of this paper is, briefly, as follows. After 
this introductory Section 1, the paper is organized in four sections. Section 2 is long and 
very technical, but crucial to our discussions. It is dedicated to establishing and proving 
some needed results concerning the notion of representation of a category in a tricategory, 
which is at the heart of the several constructions of nerves for tricategories used in the paper. 
In Section 3, we mainly include the construction of the Grothendieck nerve NT : A°p — >■ 
Bicat, for any tricategory T, and the study of the basic properties concerning the behavior 
of the Grothendieck nerve construction, T i— >■ NT, with respect to trihomomorphisms of 
tricategories and tritransformations between them. Section 4 contains the definition of 
classifying space BT, for any tricategory T. The main facts concerning the classifying space 
construction T ^-^■ BT are established here. In this section we also study the relationship 
between BT and the space realization of the Segal nerve of a tricategory, ST : A°p -^ Bicat, 
which, for instance, we apply to prove that the classifying space of any monoidal bicategory 
is up to group completion a loop space. Finally, Section 5 is mainly dedicated to describing 
the geometric nerve AT : A°p — > Set, of any tricategory T, and to proving the existence 
of homotopy equivalences BT — |AT|. Also, by means of the geometric nerve construction 
for monoidal bicategories, {B,(E)) i— >■ A(i3, ®), we show here that bicategorical groups are a 
convenient algebraic model for connected homotopy 3-types. 

1.2. Notations. We refer to Benabou [3] and Street [40] for the background on bicategories. 
For any bicategory B, the composition in each hom-category B{x,y), that is, the vertical 
composition of 2-cells, is denoted hy v-u, while the symbol o is used to denote the horizontal 
composition functors o : B{y,z) x B{x,y) — > B{x,z). The identity of an object is written 
as la; : a; — >■ x, and we shall use the letters a, r, and I to denote the associativity, right 
unit, and left unit constraints of the bicategory, respectively. Hereinafter [17l Notation 4.9], 
the category of bicategories with homomorphisms (or pseudo-functors) between them will 
be denoted by Horn. 

In this paper we use the notion of tricategory T = (T, a, i,T, 7r,/i, A,p) as it was intro- 
duced by Gordon, Power, and Street in [17] . but with a minor alteration: we require that the 
homomorphisms of bicategories picking out units are normalized, and then written simply 
as If e T{t,t). This restriction is not substantive (see Gruski [20l Theorem 4.3.3]), but it 
does slightly reduce the amount of coherence data we have to deal with. For any object t 
of the tricategory T, the arrow rlj : Ij — >■ It (g) 1* is an equivalence in the hom-bicategory 
T{t,t), with the arrow lit : It It ^ It an adjoint quasi-inverse (see [SOl Lemma A. 3.1]). 
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Hereafter, we suppose the adjoint quasi-inverse of r, r* H r, has been chosen such that 
r'U^llt. 

As in [17" §5] and [5(T, §6.3], Bicat denotes the tricategory of small bicategories, ho- 
momorphisms, pseudo-transformations and modifications. If i^, _F" : S — >■ C are lax func- 
tors between bicategories, then we follow the convention of |17| in what is meant by a lax 
transformation a : F =^ F' . Thus, a consists of morphisms ax: Fx — >■ F'x, and of 2-cells 
Ua '■ ay o Fa => F'a o ax, subject to the usual axioms. In the structure of Bicat we use, the 
composition of pseudo-transformations is taken to be 

F GF 

F' G'F' 

where jia — (3F' o Ga : GF ^ G'F ^ GF' , but note the existence of the useful invertible 
modification 

GF =^ G'F 




(1) gJ ^ |g 

0F' 

GF' =^ G'F' 



whose component at an object x of B, is Paxj the component of /3 at the morphism ax. 

For the general background on simplicial sets, we mainly refer to I16j. The simplicial 
category is denoted by A, and its objects, that is, the ordered sets [n] = {0, 1, . . . ,n}, are 
usually considered as categories with only one morphism {i,j)'-j^i when < i < j < n. 
Then, a non-decreasing map [n] -^ [m] is the same as a functor, so that we see A, the 
simplicial category of finite ordinal numbers, as a full subcategory of Cat, the category 
(actually the 2-category) of small categories. 

Throughout the paper, Segal's geometric realization :36 of a simplicial (compactly gen- 
erated topological) space X : A -> Top is denoted by \X\. By regarding a set as a discrete 
space, the (Milnor's) geometric realization of a simplicial set X : A — ;> Set is \X\. 



2. Representations of categories in tricategories 

As we will show in the paper, the classifying space of any tricategory can be realized up 
to homotopy by a simplicial set AT", whose p-simplices A[p] — > AT" are the different unitary 
representations [p] -^ 7", of the category [p] in the tricategory 7". Hence, we present below a 
study of these representations of categories in tricategories, and the bicategories they form. 

2.1. (Unitary, homomorphic) Representations. Roughly speaking, a representation of 
a category / in a tricategory 7" is a lax functor / — > 7", where / is regarded as tricategory in 
which the 2-cells and 3-cells are all identities, satisfying various requirements of normality. 
But noting that the definition given in jlT) Definition 3.1] for trihomomorphisms does not 
work for lax functors between tricategories (the 3-cell tt in the equation expressing axiom 
(HTAl) is not well defined), we establish the following explicit definition: 

Definition 2.1.1. A representation F : I ^>- T , of a category I in a tricategory T , is a 
system of data consisting of: an object Fi G Ob7~; for each object i in I ; a 1-cell Fa : Fj — J> 
Fi, for each arrow a : j ~¥ i in I ; 2-cells Fa^b '■ Fa (g) Fb => F{ab) and Fi : Ipi => Fli, for 
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each pair of composable arrows k ^ j ^ i and each object i G Ob/, respectively; and 3- cells 



{Fa(g)Fb)(g)Fc ° =^ Fa(g>{Fb(g)Fc) 



Fa.bt^l 



1®^, 



IpiiSSFa 



Fa(g)l 



Fj 



l(g)F, 



F{ab)®Fc =^ F{abc) -^ Fa(g)F{bc), FU®Fa ■■ 

Fab.c Faic 



-Fl., 



Fa, Fa(»Fli 



=^Fa, 



respectively associated to any three composable arrows I ^>- k ^)- j ^>- i and any arrow j ^f i 
in the category /. These data are required to satisfy the coherence conditions (CRl) and 
(CR2) as stated below. 

The set of representations of a small category I in a small tricategory 7" is denoted by 



(2) 



Rcp(/,r). 



A representation F : I ^f T is termed unitary or normal whenever the following condi- 
tions hold: for each object i of I, Fli = Ipi and Fi = li^^. ; for each arrow a : j ^f i of I, 
Fa^i- — r' : Fa^l => Fa, Fi.^a ~ I '■ l^Fa => Fa, and the 3-cells Fas,c, Fa, and Fa are the 
unique coherence isomorphisms. Furthermore, a representation F : I ^ T whose structure 
2-cells Fafi are all equivalences (in the corresponding hom-bicategories of T where they lie) 
and whose structure 3-cells Fa^b.c, Fa, and Fa, are all invertible is called a homomorphic 
representation. The subsets o/Rcp(/,7~) whose elements are the unitary, homomorphic, 
and unitary homomorphic representations, are denoted respectively by 



(3) 



Rep^(/,r), Reph(/,T), Rep^^^{I,T). 



(CRl): for any four composable arrows in /, to — > Z ^ fc — > j — > i, the equation A = A' on 
3-cells in T holds, where: 



A^ 



{{Fa^Fb)®Fc)^Fd^^^ {Fa^Fb)^iFc^Fd) ° ; • Fa®{Fb®{Fc^Fd)) 



(-Fo,t®l)8)l 





{Fa(g){Fb^Fc))^Fd=^^Fa(g){{Fb(g)Fc)(g)Fd) 

(1®-Fb,c)®l 



{F{ab)(g)Fc)(g)Fd F„,i,,<,®i^ 



Fab. c(»i 



l®(l(g)Fc,d) 



i®Fb,<,,d^ Fa'^{Fb<S>F{cd)) 



1®(F6 (81) 



{Fa(g)F{bc))(g)Fd: 

Fa.bc^l 



F{abc)®Fd: 



Fa,ba,d^ 

F(abcd) 



Fa(^{F{bc)(^Fd) 



l®Fb . 



■■Fa®F{bcd) 
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{{Fa(g>Fb)(g)Fc)(g)Fd^^ {Fa(g)Fb)(g){Fc(g)Fd)^^ Fa(g){Fb(g){Fc(g)Fd)) 



(-Fa,6«ll)®l 



A' = 



F„,b®(l(»l) (18l)«>Fc,d 



Fiab)(g){Fc(g)Fd) 



l®(l«lF<:,d) 



{F{ab)®Fc)®Fd 



F{ab)(g)F{cd) 



F„j,.,®l 



Eah,c,d ^ 



(Fa®F6)®i^(cd) 

Fa®{Fb®F{cd)) 



Fab,cd 



F{abc)(g)Fd-- 



=^ F{abcd) <^ 



Fa, bed 



■■Fa(8)F{bcd) 



(CR2): for any two composable arrows fc — > j — > i in /, the equations B = B' , C = C , 
and D = D' , on 3-cells in T hold, where: 



(l(g>Fi)(g>l, 

{Fa(®lF:i)(SFb > {Fa®Flj)®Fb 



B= Fa'g){lF.'E)Fb) s^ 



^-Fa®l 




Fa,l®l 

Fa(S)Fb 



Fa®Fb =^ F{ab) 



(1®_F,-)®1 

(fa(8)lFj)0F6 ^(Fa(8)flj-)(g)fb 

Fa. 1®1 



B'= Fa®{lF]®Fb) d^Fa®{Flj®Fb) ^F^.i.^ Fa(^Fb 



Fa®Fb-- 



> F{ab) 



{lFi(E)Fa)(g)Fb 



(F,®!)®! 



lF2(E)iFa(g)Fb) 



C= mFa,b 



lFi®F{ab) 




Fa)(i)Fb 



Fi,„(8)l 



Fa®Fb 
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{lM(g)Fa)(g)Fb 



iFt^iFa^Fb) 



c'-. 



l^-Fa 



Fil»l 



(Fi(»l)®l 

{Fh(»Fa)(S)Fb 



Fli(g){Fa(E)Fb) 
FU^F{ab) ^^i.a,. 



lM(SF{ab) 



Fa(E}Fb 



D- 




Fa^iFb^lpk) 



Fa®{Fb®l 



F{ab) 



D'^ 





F{ab)®lFk 
{Fa®Fb)®Flk 



Fa^Fb"^^'-' 




-Fa.6®l 



l®Fk 



F{ab)®Flk 



F{ab) 



2.2. Example. Let A be an abelian group, and let Y?A denote the tricategory (actually a 
3-groupoid) having only one i-cell for < i < 2 and whose 3-cells are the elements of A, 
with all the compositions given by addition in A. Then, for any small category / (e.g., a 
group G or a monoid M), a unitary representation F : I -^ Y?A is the same as a function 
F : N3/ -^ A satisfying the equations 

F{b, c, d) + F{a, be, d) + F{a, b, c) = F{ab, c, d) + F{a, b, cd), 

and such that F{a,b,c) — whenever any of the arrows a, &, or c is an identity. Thus 
Rep^(/, E^A) = Z^{I, A), the set of normalized 3-cocycles of (the nerve N/ of) the category 
/ with coefficients in the abelian group A. 

2.3. The bicategory of representations. For any category / and any tricategory T, the 
set Rcp(/, 7") of representations of / in 7" is the set of objects of a bicategory, the bicategory 
of representations of I in 7", denoted by 



(4) 



Rep(/,r), 
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whose 1-cells are a kind of degenerated lax transformations between representations that 
agree on objects. When T — B is a bicategory, that is, when the 3-cells are all identities, 
these degenerated lax transformations has been considered in [5J [51 HH] under the name of 
relative to objects lax transformations, whereas in |151 1271 129] they are termed icons, short 
for 'identity component oplax natural transformations'. The description of the bicategory 
Rep(/, T) is as follows: 

• The cells o/Rep(/, T). As we said above, representations F : I ^f T are the 0-cells of 
this bicategory. For any two representations F,G : I ^ T, a. 1-cell ^ : F ^ G may exists 
only if F and G agree on objects, that is, Fi = Gi for all i G Ob/; and is then given by 
specifying, for every arrow a : j — t- i in /, a 2-cell $a : Fa => Ga of T, and 3-cells 



Fa®Fb: 



(5) 



<I'a®<E>() 



Ga (g) Gb- 



. F{ab) 

$(ah) 

G{ab), 



Fi /" %^ Gi 



FU 



$1; 



^G\, 



respectively associated to each pair of composable arrows k ^- j ^- i and each object i of 
the category /, subject to the two coherence axioms (CR3) and (CR4) below. 

c b 

(CR3): for any two composable arrows triplet of composable morphisms of /, / ^^ fc — > 
j — J> i, the equation E = E' on 3-cells in T holds, where: 



E 



(Fa(g)F6)(g)Fc = 

(<E>a(g)'J>b)(55<i'c 



Fa®{Fb®Fc) ' > Fa®F{bc) 



{Ga®Gb)®Gc *a,t,®i^ F{ab)®Fc-- 
G{ab)®Gc: 



<?(ab)®^c 



^ F{abc) 

^(abc) 



=^ G{abc), 



^Fa(^{Fb(g>Fc): 



18)-Ft., 



=>Fa®F(fec) 



<I'o®(<i>f)®<E>c) 



'l>aO<I>(bc 



{FaiS>Fb)'S>Fc^= 
E' ^ {Ga®Gb)®Gc " > Ga®{Gb®Gc)^^ Ga®G{bc) '^a.t.^F{abc) 



G„,b(»l 

G{ab)®Gc: 



^{abc) 



^G{abc). 



(CR4): for any morphism of /, j — ?> i, the following two pasting equalities hold: 



I® Fa 

Fa 



-F,®1^ 



I® Fa 



Fl®Fa-- 



^l®^a 



Fl.a 



*1. 



^Fa 



P^ II H. 

Fl ® Fa i(8*a Fa 

*i(8iis -tj- = 
$i(g)$a 1 ® Ga 

G^(g,l^^ ;^l 

Ga 



Gl®Ga: 



>Ga 



Gl®Ga-- 



>Ga, 
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1®K 

Fa'g)Fl 



Fa 1^1 

Fa 



^Fa 



$aiS 



*l,a 



Ga ® Gl : 



Ga 



^Ga 



,^p Fa(g)l 

>" II 
Fa ® F\ *a(»i Fa 

= $a®$l , ^ Ga ®\ *a 

Ga ® G\ > Ga. 

Ga.l 



A 2-cell M : $ ^ *, for $, * : F ^ G two 1-cells in Rep(/, T), consists of a family of 
3-cclls in T, Ma : $a ^ VPa, one for each arrow a : j ^ i in I, subject to the coherence 
condition (CR5) befow. 

(CR5): for any object i and each two composable arrows fc — ;> j/ — ;> i of /, the diagrams of 
3-cclls below commute. 



$l,oF, ^^*l,oF, 



G,, 



Ga,6o($a®$6) ^ <P{ab)oFaM 

lo{Maf»Mb)\\\ M(afc)(»l 



Ga,6o(*a®*6) ^ ■^{ab)oFa,b 



• Compositions in Rep(/,T). The vertical composition of a 2-cell M : $ ^ ^ with a 
2-cell A^ : * ^ r, for $, *, r : i^ =^ G, yields the 2-cell N ■ M : <^ ^ T which is defined 
using pointwise vertical composition in the hom-bicategories of 7"; that is, for each a : j — >■ i 
in /, {N ■ M)a = {Na) ■ {Ma) : <^a ^ Ta : Fa ^ Ga. The horizontal composition of 1-ceUs 
<& : F =^ G and * : G =» iJ, for F, G, iJ : / ^ T representations, is * o cf) : F ^ i7, 
where (^ o $)a = vJ/qt o $a : Fa => _ffa, for each arrow a : j -^ i in /. Its component 
(vf o $)a,6 : (^ o $)a ® (^ o $)6 ^ \l/(a&) o $(a&), attached at a pair of composable arrows 
fc — > J — > i of the category /, is given by pasting in the bicategory T(Fk, Fi) the diagram 



Fa(^Fb: 

(*ao<l)a)®(*6o<I>ti) 

Ha®Fh 



§>a®^h 



^ F{ah) 



Ga®Gh = 



f(ab) 

> G{ah) 



a^^b 



*» 



Ha 



^H{ab), 



<I'(a6) 



and its component (^I' o $)i : (^I* o $)li o Fi ^ Hi, attached at any object i of /, is given by 
pasting in T{Fi, Fi) the diagram 




$ii 



tii 



>HU 



G and iV : r ^ e : G ^ if in 

> i in /, is given by the formula 



The horizontal composition of 2-cells M : ^ ^ '^ : F = 
Rep(/, T)isiVoM:ro$EE>eo*, which, at each a : j 
(N o M)a ^ Nao Ma. 

• Identities in Rep(/, T) . The identity 1-cell of a representation F:/^T is If : F ^ F, 
where {1f)o, = Ipa, the identity of Fa in the bicategory T{Fi, Fi), for each o : j — > z in 
/. Its structure 3-cell (lF)a,6 : Fa^b o (Ifq Ifo) ^ lF(a6) ^ Fa,b, attached at each pair of 
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composable arrows k ^ j — s> J, is the canonical one obtained from the identity constraints 
of the bicategory T{Fk, Fi) by pasting the diagram 

Fa 




F{ab), 



and its component attached at any object i of / is the left unit constraints of the bicategory 
T{Fi,Fi) at F, : If, => Fl,, that is, {1f)i = I : Ifu ° -Fj - F,. The identity 2-cell 
1$, of a 1-cell ^ : F ^ G, is defined at any arrow a : j ^ i oi I hy the simple formula 
(l$)a = l^a ■ ^a ^ $a. 

• The structure constraints in Rep(/,T). For any three composable 1-cells F ^ G ^ 
H ^ K in Rep(/, T), the component of the structure associativity isomorphism (9ovI/)o<l) = 
o (\I> o $), at any arrow j ^^ z of the category /, is provided by the associativity constraint 
{Qa o v&a) o $a = Qa o (\l>a o ^a) of the hom-bicategory T{Fj,Fi). And similarly, the 
components of structure left and right identity isomorphisms Ig o <i) = $ and $ o 1^ = $, 
at any arrow a : j ^i- i as above, are provided by the identity constraints Iga ° *&a — *&a, 
and $a o l^a — $a, of the bicategory T{Fj, Fi), respectively. 

2.4. The bicategories of unitary and homomorphic representations. The bicate- 
gory of representations of a category / in a tricatcgory T, Rep(/,T), contains three sub- 
bicategories that are of interest in our development: 

The bicategory of unitary representations, denoted by 

(6) Rep„(/,r), 

whose 0-cells are the unitary representations of / in T; its 1-cells are those $ : F => G 
in Rep(/,T) that are unitary, in the sense that $1^ = li^. and the 3-cell $,i in ([5]) is the 
canonical isomorphism 1 o 1 = 1, for all objects i of /, and it is full on 2-cells M : $ ^ ^ 
between such normalized 1-cells. 

The bicategory of homomorphic representations, denoted by 

(7) RePh(/,r), 

whose 0-cells are the homomorphic representations, its 1-cells are those $ : i^ ^ G in 
Rep^(/, T) such that the structure 3-cells $o,b are all invertible, and it is full on 2-cells 
M : $ ^ \1/ between such 1-cells. 

The bicategory of unitary homomorphic representations, denoted by Rep^^{I,T), which 
is defined to be the intersection of the above two, that is, 

(8) Rep^J/, T) = Rep,(/, T) n Reph(/, T). 

2.5. Example. Let E^A be the strict tricatcgory defined by an abelian group A as in 
Example 12.21 and let / be any category. Then, the bicategory Rep^(/, E^A) is actually a 2- 
groupoid whose objects are normalized 3-cocycles of / with coefficients in A. li F,G : N3/ — > 
A are two such 3-cocycles, then a 1-cell ^ : F ^ G is a normalized 2-cochain $ : N2/ -^ A 
satisfying 

G{a, b, c) + $(6, c) + $(0, be) = F{a, b, c) + $(a&, c) + $(a, b). 
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that is, G = F + 9$. And for any two 1-cells ^,^ : F ^ G as above, a 2-cell M : $ ^ * 
consists of a normalized 1-cochain M : Ni/ -^ A such that vp = $ + dM, that is, such that 

*(a, b) + M{a) + M{h) = M{ah) + $(a, 6). 



2.6. Functorial proprieties of Repjj(/, — ). For a tricategory 7", any functor a : J ^j- I 
induces a homomorphism (actually a 2-functor) a* : Repj^ (/,?") — > Rep[j(J, T), and the 
construction (|4|), / i-t- Repjj(/, 7"), is functorial on the category /. For a trihomomorphism 
of tricategories H ~ {H, x, '■i "^i 7, (5) : T — >■ T' , as defined in Tf, Definition 3.1], we have the 
following result: 

Lemma 2.6.1. Let I be any given small category. 

(i) Every trihomomorphism H : T ^f T' gives rise to a homomorphism 

iJ, :RepJ/,r)^Reph(/,r'), 

which is natural on I , that is, for any functor a : J —^ I , 

H^a* = a*H^ : Reph(/,r) ^ Reph(J,r'). 

(ii) If H : T ^ T' and _ff ' : T' — > T" are any two composable trihomomorphisms, then 
there is a pseudo-equivalence m : H'^H^ => (H'H)^, such that, for any functor a : J -^ I , 
the equality ma* = a*m holds. 

(Hi) For any tricategory T , there is a pseudo-equivalence m : (It)* =^ 1; such that, for 
any functor a : J ^f I , the equality ma* ~ a*m holds. 

Proof, (i) The homomorphism H^ is defined as follows: It carries a homomorphic represen- 
tation F : / — !■ 7" to the homomorphic representation H^,F : I ^i- T', which is defined on 
objects i of / by {H^,F)i = HFi, and on arrows a : j — > i by {H^,F)a = HFa : HFj — > HFi. 
The 2-cell {H^,F)a.b ■ {H^,F)a (E) {H^,F)b =^ {H^,F){ab), for each pair of composable arrows 

A; — ^ j A i, is the composition HFa (g) HFb ^=> H{Fa (g) Fb) =^'' HF{ab). For each object 

i, the 2-cell {H^F)i : l(H,F)i =^ {H^F)li is the composite of InFi => H^Fi =^ HFlt. The 

structure 3-cell oi H^,F : I ^ T' associated to any three composable arrows I -^ k ^ j ^ i, 
is that obtained by pasting the diagram 

{HFa®HFb)®HFc =^ HFa®{HFb®HFc) 



H{Fa®Fb)®HFc ^^ HFa®H{Fb®Fc) 

C:>-.^^X X 



HF^ 



H{{Fa®Fb)®Fc) ^° > H{Fa®{Fb®Fc)) 



1®HFk, 



HF{ab)®HFc H(FaM®i) H{i»Ft,a) HFa®HF{bc}) 

H{F{ab)®Fc) H{Fa®F{bc)) 

"^-'■^ HF{abc) ^^"^ 
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whereas the structure 3-cells of the representation Ht:F attached to an arrow a : j 
the category /, are respectively those obtained by pasting the diagrams below. 



i of 




HFa<: 



1 



HFi 



'HFa 



H{lF^®Fa) 



HFli ® HFa ^ H{FU (g) Fa) ^^=^^ 



^HFa, 



HFa (g) Hlpj ^ 



i®t 



KgiHF. 




H{Fa®lFj) 



^ 



HFa 



HFa 



HFa (g) Ihfj 



^HFa. 



HFa ® HFlj ^ H{Fa ® Flj) 



If $ : _F => G is any 1-cell in the bicategory Repj^(/, T), then H^.^ : H^,F ^ H^,G is the 
1-cell in Rep(/, T') whose component at an arrow a : j — ^ i of / is the 2-cell of T' defined 

by {H^,^)a = H^a : HFa => HGa. For any pair of composable arrows k ^- j ^- i and any 
object i of /, the corresponding structure 3-cells (O, {H^,^)a^b and (iJ*<i>)i, are respectively 
given by pasting in 



y HFa b 

HFa (g) HFb =^ H{Fa ® Fb) =^ HF{ab) 



H<i>a®H<^b 

HGa ® HGb ■- 



, II 

H(<i>a 



H*a 



H(Ga (g) Gb) 



HGa 



^HFi=HGi 
H<i.(ab) Hlpi 

HG{ab) , HFU > HGh 



And a 2-cell A/ : $ ^ ^ of Rep(/, T) is applied by the homomorphism _ff* to the 2-cell 
H^M : i/*$ ^ i/** of Rep(/,r'), such that {H^M)a = HMa : H^a e^ H-^a for any 
arrow a : j — ;> i of the category /. 

Finally, if $ : F => G and "^ : G ^ H are any two composable 1-cells in Rep(/, T), 
and F : I ^ T is any representation, then the constraints {H^,'^) o (iJ*$) = H^,{'$ o $) and 
1h,f — H^,lp are, at any arrow a : j ^ i of /, the structure isomorphisms H"^a o H'^a = 
i?(*a o $a) and l^/Fa = Hlpa of the homomorphism iJ : T{Fj,Fi) -^ T'{HFj,HFi), 
respectively. 

{ii) For any homomorphic representation F : I —^ T, the 2-cell attached by 

m = mF : K{H,F) ^ {H'H)^F 



at any arrow a : j — > i of / is the identity, that is, ma = In'HFa- For any pair of composable 



arrows k 



J 



and any object i of /, the corresponding invertible structure 3-cells ([5|), 



ma,b ■■ {Hi{H^F))a,b o {ma ® mb) ^ m{ab) o {{H' H)^F)a,b, 
m, : ml, o (H',{H,F)), ^ {{H'H),F),, 
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are, respectively, given by pasting in the diagrams below. 



H'HFa ® H'HFb 

101 

H'HFa ® H'HFb 



H'(HF^^iOx) 




H'HF{ab) 



> H'HF{ab), 



^H'HFi 



> H'HFU 

H'l ' ' H'HFi 

If (f> : F ^ G any 1-cell in Rep(/, 7"), then the invertible naturality 2-cell 

771$ : mc o {H',XH^<^)) ^ (H' H)^<i> o mp, 

at any arrow a : j/ — s> i of /, is provided by the canonical isomorphism loH'H^a = H' H^aol 
in the bicategory T"{H'HFj, H'HFi). 

(iii) For any representation F : I ^ T, the 2-cell attached by 

m = mF ■■ {It)*F ^ F 

at any arrow a : j — 5- i of / is the identity, that is, ma — Ipa- For any pair of composable 

arrows k ^ j ^ i and any object i of /, the corresponding invertible structure 3-cells ([5]), 

ma,b : Fa^b o {ma ® mb) e^ m(ab) o {{\r)*F)afi, 
rui : mil ° {iW)*F)i e^ F^, 

are, respectively, the canonical isomorphisms in the diagrams below. 



Fa (g) Fb =^ Fa ® Fb ==^ F{ab) 



1 



Fa(g)Fb-- 



>F{ab), 




1 



Fi '■ 



Fi 



^FU 




=^FU 



Fa.b ■ ' '^- F, 

If (f> : F ^ G any 1-cell in Rep(/. 7"), then the invertible naturality 2-cell 

TO$ : Tog o {{It)*^)) ^ $ o m,F, 

at any arrow a : j — >■ i of /, is provided by the canonical isomorphism 1 o <I>a = $a o 1 in the 
bicategory T(Fj,Fi). D 

2.7. Representations of free categories. Let us now replace category / above by a 
(directed) graph Q. For any tricategory T, there is a bicategory of representations of Q in 
T, denoted by 

(9) Rep(e,r), 

where a 0-cell f : G ^ T, consists of a pair of maps that assign an object fi to each vertex 
i G Q and a 1-cell fa : fj — >■ fi to each edge a : j ^>- i in Q, respectively. A 1-cell (f) ■ f =^ 9 
may exist only if / and g agree on vertices, that is, fi = gi for all i ^ Q\ and then it consists 
of a map that assigns to each edge a : j — 7> i in the graph a 2-cell (j)a : fa^ ga of T. And a 
2-cell m : (j) ^ -ip, for (j>,ip : f ^ g two 1-cells as above, consists of a family of 3-cells in T, 
ma : (j)a ^ ^/^a, one for each arrow a : j — > i in /. Compositions in Rep(C/, 7") are defined in 
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the natural way by the same rules as those stated above for the bicategory of representations 
of a category in a tricategory. 

Suppose now that I{Q) is the free category generated by the graph Q [3T]. Then, restric- 
tion to the basic graph gives a 2-functor 

(10) R : Rep(/(g), r) ^ Rep(g, T), 

and we shall prove the following auxiliary statement to be used later: 

Lemma 2.7.1. Let I = I{Q) be the free category generated by a graph Q. Then, for any 
tricategory T , there are a homomorphism 

(11) L : Rep{g, T) ^ Rep(/, T), 
and a lax transformation 

(12) v:Li?^lRep(j^r), 
such that the following facts hold: 

(a) RL = lRep(g;,r)- vi = II, R^ = Ifl- 

(b) The image of L is contained into the sub-bicategory Rep^[j(/. 7") C Rep(/, 7"). 

(c) The restricted homomorphisms of L and R establish biadjoint biequivalences 

(13) Rep(g, T) ^ Rephd, T) , 

R 

(14) Rep(e, T) ^ Rep,h(/, T) , 

R 

whose respective unit is the identity 1 : 1 => RL, the counit is given by the cor- 
responding restriction of v : LR => 1, and whose triangulators are the canonical 
modifications 1 ^ 1 o 1 = yL o LI and i?v o IR = 1 o 1 ^ 1, respectively. 

Proof. To describe the homomorphism L, we shall use the following useful construction: For 
any list (to, ... , tp) of objects in the tricategory T, let 

(15) ®:r{ti,to) xTit2,ti) x...xr(ip,tp_i)— >r(tp,to) 
denote the homomorphism recursively defined as the composite 

nT(t^,t»-i) = r(ti,to) X nT(t^,t»-i)^^S-r(ii,to) y<T{tp,t2)^^T{tp,to). 

i=l i=2 

That is, ® is the homomorphism obtained by iterating composition in the tricategory, which 
acts on 0-cells, 1-cells and 2-cells of the product bicategory 0^=1 7'(^Ji ti-i) by the recursive 
formula 

i ^1 if p = 1, 

<g){xi,...,Xp) = < 

[ Xi(g) [(g) {x2,...,Xp)) if p>2. 

• The definition of L on 0-cells . The homomorphism L takes a representation of the 
graph in the tricategory, say f : Q ^>- T, to the unitary homomorphic representation of the 
free category 

L{f) = F:L^r, 
such that 

(16) Fi = fi, for any vertex i oi Q {= objects of /), 
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and associates to strings a : a{p) 
ofT 



a(l) — ^ a(0) of adjacent edges in Q the 1-cells 



(17) 



Fa = °i){fai, ..., Jap) : fa{p) -^ fa{0). 



The structure 2-cens Fa, 6 '■ Fa®Fh => F{ab), for any pair of strings in the graph, a — ai ■ ■ ■ ap 
as above and b = bi ■ ■ -bq with 6(0) = a{p), are canonically obtained from the associativity 
constraint in the tricategory: first by taking Fai,6 = ^F{aib) a-nd then, recursively for p > 1, 
defining Fa^b as the composite 



Fa,b ■■ Fa(g)Fb^ Fai (g, {Fa' (g, Fb) '> F{ab), 

where a' — a2- • -ap (whence Fa — Fax Fa'). And the structure 3-cells Fa^b,c, for any 
three strings in the graph a, b and c as above with a{p) = 6(0) and b{q) = c(0), are the 
unique isomorphisms constructed from the tricategory coherence 3-cells tt. For a particu- 
lar construction of these isomorphisms, we can first take each Fa-^_b,c to be the canonical 
isomorphism 



(Fax (g) Fb) (g> Fc : 



^ Fai ® {Fb (g Fc) 



F{aib) (g Fc =^ Fai g) {Fb g) Fc) l^^ F{aibc) <^ Fai g) F{bc), 

and then, recursively for p > I, take Fa^b.c to be the 3-cell canonically obtained from 
Fa2---a ,b,c by pasting the diagram bellow, where, as above, we write a' for 02 • • • ap. 



{Fag)Fb)g)Fc 



{Fai(S{Fa'(SFb))(SFc 



Fa. 



b,c 



Faig){{Fa'g>Fb)g>Fcl 



I 

F{ab)(gFc 



i<»(F„, 



51) 



Faig){F{a'b)g)Fc) 

i®-F\^r> 




Fag){Fbg}Fc) 




l(DFt,a 

Fag)F{bc) 




F{abc) 



^(l^-Fb.c) 

Fai(g{Fa'(gF{bc)) 



Note that, since all structure 2-cells Fa^b are equivalences in the corresponding honi- 
bicategories of T in which they lie, as well as all the structure 3-cells i^o,b,c are invertible, 
the so defined unitary representation F : I ^)- T is actually a homomorphic one; that is, 
L{f) = Fe Rep,h(/, T) C Rep(/, T). 

• The definition of L on 1-cells . Any 1-cell (j) : f ^ g oi Rep(^, 7"), is taken by L to the 
1-cell in Repyjj(/, T) 

L{(j>) = $ : F ^ G, 
consisting of the 2-cells in T 



(18) 



<I>o = ig{(j)ai, . . . , (j)ap) : Fa => Ga 



attached to the strings a — ai ■ ■ ■ ap of adjacent edges in the graph. The structure (actually 
invertible) 3-cells $a,6, for any pair of strings in the graph, a and 6 with 6(0) = a{p) as 
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above, are defined by induction on the length of a as follows: each $01,6 is the canonical 
isomorphism 

Faii»Fb^=^F{aib) 



*&ai,6 : #ai(8$6 



$(ai6)=$ai(8<i>6 



Gai(E)Gb^^G{aib), 

and then, for p > 1, each ^a,b is recursively obtained from $a',6, where a' — a2 ■ ■ ■ ap, by 
pasting 



Fa (8 F6 =^ Fax ® {Fa' ® Fb) =^^ F{ab) 



^a, 



<i>a®$6 






■I)(a6)=$ai(g)($o'(g)*b) 



Go (g) Gb =^ Gai ® (Ga' ® G5) ==> G(a6) 



Note that, since all structure 3-cells ^a.b arc invcrtible, the thus defined unitary 1-cell $ 
of Rep^(/, T) is actually a 1-cell of Rep^jj(/,T), that is, L{(j)) G Rep^jj(/,T). 

• The definition of L on 2-ceUs . For (j), ij: : f ^ g, any two 1-cells in Rep(tJ,7'), the 
homomorphism i on a 2-cell m : (j) ^ ip gives the 2-cell of Repyij(/, T) 

L{m) == M : $ ^ *, 

consisting of the 3-cells in 7" 

(19) Ma = ®(mai, . . . ,map) : $a ^ vpa , 

for the strings a = ai • • • Op of adjacent edges in the graph Q. 

• The structure constraints of L. If : / =^ g and -ip : g ^ h are 1-cells in Rep^(^, 7"), 
then the structure isomorphism in Rep^(/, T) 

L^,0 : L(V') o i(0) = i(?A o (/>), 

at each string a = ai • • • ap as above, is recursively defined as the identity 3-ccll on ipai o (pai 
if p = 1, while, for p > 1, ii/),^ a : L{^)ao L{(j})a ^ L{tl)o(j))a is obtained from i^,0 a', where 
a' = 02 • • • Op, as the composite 

L{ip)a o L{(f))a ~ {ipai ® L{ip)a') o {(f>ai ® L{(p)a') = ('(/'ai o (/"ii) ® {L{ip)a' o L{(p)a') 

^ ('0'ii ° '/"^i) "Xi £("0 ° 0)fl' ~ L{ip o (j))a. 

And, similarly, the structure isomorphism 

Lf : li(/) - L(l/) 

consists of the 3-cells Lf a : lL(/)a ^ -^(1/)<3^j where LfUi = 1 : Ifai ^ 1/ai and, for p > 1, 
Lfa is recursively obtained from Lf-a', a' — a2 ■ • ■ ap, as the composite 

l®Lfa 
^L(f)a = l/ai(»L(/)a' - 1/ai ® lL(/)a' ^ 1/ai ® i(l/)a' = i(l/)a- 

This completes the description of the homomorphism L. 

• The definition of lax transformation v. The component of this lax transformation at a 
representation F : I ^ T, v — v{F) : LR{F) ^ F, is defined on identities by 

vl, = F, : Ipt => FU, 
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for any vertex i of Q, and it associates to each string of adjacent edges in the graph a 
ai ■ ■ • Up the 2-cell 



(20) 



l{Fai,...,Fap) ^ Fa, 



which is given by taking vai — Ipai Up— 1, and then, recursively for p > 1, by taking va 
as the composite 



°S(Fai, ..., Fap) > Fai (g) Fa' ""'' > Fa, 



where a' — a2 ■ ■ • ap. 
The structure 3-cell 

(21) 

for any pair of coniposable morphisnis in /, is defined as follows: when a = 1^ or 6 = Ij are 
identities, then vi. j, and v^ i. are respectively given by pasting the diagrams 



Va,fc : Fafi o (va ® v6) e^ v(a6) o LR{F)a,b, 



lF^ (8) LR{F)b ' > LR{F)h 

,l(g>v6 



LR{F)a ® Ipj 



Fl, ® Fb 



- Ipi ® Fb 



Va,l,- : ^(^®Fi 



>Fb, 



\®Fj 

Fa ® Flj 



Fa X Ipj 



^ LR{F)a 



>Fa, 



and, for strings a and b in the graph with b{q) ~ a(0), Va.t is defined by induction on the 
length of a by taking Va-^,b to be the canonical isomorphism 



Vai,& 



Fai ® LR{F)b ^ LR{F){aib) 

l®vb ^ v(aib)=_Fai,bo(l(giv6) 

V \ 

Fai ® Fb > F(aib), 



^l.b 



and then, for p > 1, Va,b is recursively obtained from Va',b, where a! — a^- - ■ ap, by pasting 



Va,6 : 



LR{F)a (g, LR{F)b ■■ 

(18va')®v& 

{Fai(gFa')g)Fb: 



l»LR{F)^,^ 

:» Fai(g{LR{F)a'g>LR{F)b) ) ■ LR{F){ab) 



l®(va'0v6) 

^Fai®{Fa'®Fb) 



1®V^,^^ 



l(g)v(a'b) 



1«>F„- 



=> Fai ® F{a'b) 



.l,a',6 = 



Fa(gFb = 
And the structure 3-cell 

(22) 



:^F(a6). 



V, :vl,oii?(F), ^F,, 



for any vertex i of the graph, is the canonical isomorphism F^ o 1 = F^ . 
The naturality component of v at a 1-cell $ : F =^ G in Rep^(/, T), 

(23) v<i. : v(G)oFi?($) s^ $ov(F), 
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is given on identities by 



If 

v^l;: 1 

If 



Fi 



FU 



■G^ 



$li 

>GU, 



and it is recursively defined at each string of adjacent edges in tlie graph a = ai • • • Cp, by 
the 3-cells v$a where, if p = 1, then 



Fax > Fax 



v^ai : <E>ai 



<I>ai 



Gai > Gai, 

is the canonical isomorphism, and then, when p > 1, v$a is obtained from v$a', where 
a' — a2 ■ ■ ■ ap, by pasting 

Fax ® LR{F)a' > Fai (g) Fa' > Fa 



V$a : <S>ai(SLR{^)a' 



^ai(k>^a' 



, , , l®v(G)a' 

Gai ® LR{G)a' > Gai «) Ga' 



, g°i-°- 



^Ga. 



We are now ready to complete the proof of the lemma. That the equalities RL — 1, 
yL — 1, and i?v = 1 hold only requires a straightforward verification, and then part (a) 
follows. Moreover, (b) has already been shown by construction of the homomorphism L. 

• The proof of (c). Suppose that _F : / — ^ 7~ is any homomorphic representation. This 
means that all structure 2-cells Fa,b and Fi are equivalences, and 3-cells Fa^b,c, Fa, and 
Fa are isomorphisms in the hom-bicategories of T in which they lie. Then, directly from 
the construction given, it easily follows that all the 2-cells v{F)a in ((20|) are equivalences 
in the corresponding hom-bicategories, and that all the 3-cells v{F)a,b in pTjl . and v^ in 
([22|) are invertible. Hence, each v(F) : LR{F) ^ F, ioi F : I —^ T any homomorphic 
representation, is an equivalence in the bicategory Repjj(/,T). Moreover, if $ : F =^ G 
is any 1-cell in 'Rep^{I,T), so that every 3-cell $a,6 is an isomorphism, then we see that 
the component (j23p of v at $ consists only of invertible 3-cells v$a, whence v$ is invertible 
itself. Therefore, when v is restricted to R.ep^{I,T), it actually gives a pseudo-equivalence 
between LR and 1, the identity homomorphism on the bicategory Repi^(/, T). The claimed 
biadjoint biequivalence (|13|) is now an easy consequence of all the already parts proved. 
Finally, it is clear that the biadjoint biequivalence (|13p gives by restriction the biadjoint 
biequivalence (fT4|) . D 



3. The Grothendieck nerve of a tricategory 
Let us briefly recall that it was Grothendieck [18] who first associated a simplicial set 
(24) NG : A°P -^ Set 

to a small category G, calling it its nerve. The set of p-simplices 

NpG= y G(ci,co) X G(c2,ci) X ••• X G(cp,cp_i) 

(co,...,Cp) 
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consists of length p sequences of composable morphisms in C . Geometric realization of 
its nerve is the classifying space of the category, BC. A main result here shows how the 
Grothendieck nerve construction for categories rises to tricategories. 

3.1. The pseudo-simplicial bicategory nerve of a tricategory. When a tricategory T 
is strict, that is, a 3-category, then the nerve construction (|24|) actually works by giving a 
simplicial 2-category (see Example 14. 3|) . However, for an arbitrary tricategory, the device is 
more complicated since the compositions of cells in a tricategory is in general not associative 
and not unitary (which is crucial for the simplicial structure in the construction of NT 
as above), but it is only so up to coherent isomorphisms. This 'defect' has the effect of 
forcing one to deal with the classifying space of a nerve of T that is not simplicial but 
only up to coherent isomorphisms, that is, a pseudo-simplicial bicategory as stated in the 
theorem below. Pseudo-simplicial bicategories, and the tricategory they form (whose 1-cells 
are pseudo-simplicial homomorphisms, 2-cells pseudo-simplicial transformations, and 3-cells 
pseudo-simplicial modifications) are treated in 1101, to which we refer the reader. 

Theorem 3.1.1. Any tricategory T defines a normal pseudo-simplicial bicategory, called 
the nerve of the tricategory, 

(25) NT = (NT, X, w) : A°p ^ Bicat, 

whose bicategory of p-simplices, for p > 1, is 

(26) NpT^ y r(<i,io)xr(t2,ti)x--- xr(tp,<p_i), 

(to,---,tp)eObrr'+i 

and NqT — OhT, as a discrete bicategory. The face and degeneracy homomorphisms are 
defined on 0-cells, l-cells and 2-cells ofHpT by the ordinary formulas 

{{x2,...,Xj,) if i = 0, 

{xi,...,Xi®Xi+i,...,Xp) if 0<i<p, 
{xi,...,Xp-i) if i^p, 

Indeed, if a : [q] ^ [p] is any map in the simplicial category A, then the associated homo- 

morphism NaT '■ Np7~ — )• NqT is induced by the composition T{t',t) x T{t",t') — > T{t" ,t) 
and unit It : 1 -^^ 7~(<, t) homomorphisms. The structure pseudo- equivalences 

^bT N„r 

(28) NpT ^'^-^ N„r, 

NobT 
for each pair of composable maps [n] — S> [q] — S> [p] in A, and the invertible modifications 

N,r NbT NaT ^£^^^ NJ- NabT 

(29) x6,cN„r 

NbcT NaT > NabcT, 

A.a,bc 

respectively associated to triplets of composable arrows [m] -^ [n] -^ [q] — ?> [p], canonically 
arise all from the structure pseudo equivalences and modifications data of the tricategory. 
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We shall prove Theorem lS. 1 . II simultaneously with Theorem lS. 1.21 below, which states the 
basic properties concerning the behavior of the Grothendieck nerve construction, T H> NT", 
with respect to trihomomorphisms of tricategories. 

Theorem 3.1.2. (i) Any trihomomorphism between tricategories H : T ^>- T' induces a 
normal pseudo-simplicial homomorphism 

(30) NiT = (NiJ, e, n) : NT ^ NT', 

which, at any integer p > 0, is the evident homomorphism NpiT : NpT — > Np7~' defined on 
any cell {xi ,... ,Xp) of NpT by 

(31) NpH{xi, ...,xp)^ {Hxi, ..., Hxp). 
The structure pseudo- equivalence 

N„ff 

npT—^^^pV 

(32) N„rj e^^ JN„r' 

for each map a ; [g] — !■ [p] in A, and the invertible modifications 

N„if NfeT KT ''""'' ^ N„F NabT 



(33) eN„r 



n„ 



NfcT' NgH N,r ==^ NfaT' NaT NpH ==^ NatV NpH, 

respectively associated to pairs of composable arrows [n] — >■ [q] -^ [p], canonically arise all 
from the structure pseudo equivalences and modifications data of the trihomomorphism H 
and the involved tricategories T and T' ■ 

(ii) For any pair of composable trihomomorphisms H : T ^^ T' and H' :T' ^f T" , there 
is a pseudo-simplicial pseudo-equivalence 

(34) NH' NH ^NiH'H). 

(Hi) For any tricategory T , there is a pseudo-simplicial pseudo-equivalence 

(35) Nlr =^ Int. 

Proof of rfceorems 13.1.11 and \Z.l/2\ Let us note that, for any integer p > 0, the category [p] 
is free on the graph 

(36) Gp^ip^ > 1 ^ 0), 

and that NpT = Rep(5p, T). The existence of a biadjoint biequivalence 

(37) Lp^Rp-. NpT ^ Repi, ( [p] , T) 

follows from Lemma r2.7.H where Rp is the 2-functor defined by restricting to the basic graph 
Gp of the category [p], such that RpLp = 1, whose unity is the identity, and whose counit 
Vp : LpRp =^ 1 is a pseudo-equivalence satisfying the equalities VpLp — 1 and RpVp = 1. 



24 ANTONIO M. CEGARRA AND BENJAMIN A. HEREDIA 

Then, if a : [q] ~> [p] is any map in the simplicial category, the associated homomorphism 
NaT : NpT -> NgT", is defined to be the composite 

N„T 

NpT ■■■■ ^N,r 

Ra 



(38) L 

R-eph ( [p] , T) —2-^ Reph ( 



iin 



Observe that, thus defined, the homomorphism NaT" maps the component bicategory of 
NpT at {to, . . . ,tp) into the component at (ia(o)i ■ • ■ i^a(q)) of NgT, and it acts on O-cehs, 
1-cells, and 2-ceUs of NpT by the formula 

NaT{xi,...,Xp) = {yi,...,yq) 
where, ioT < k < q, (see ([TC)) for the definition of Cg)) 

.on\ J ^ixaik)+i,---,Xa{k+i)) if a{k) <a{k + l), 

(39) yk+i = \ 

1 if a{k) ^a{k + l). 



Whence, in particular, the formulas ()27p for the face and degeneracy homomorphisms. 
The pseudo natural equivalence (fSS)) is 



(40) NbT Nar= Rnb*LgRga*Lp X"-" Rr.b'v,a'L ^ R„b*a*Lp = Rn{ab)*Lp = Na^T, 
and the invertible modification p9)) is 

(41) UJaM,c = RmC*Uj'i,a*Lp, 

where o;^ is the canonical modification 

LnB.„b'v, 
i-inRnO LqRq =^ L„rt„0 



(42) u',: v„b*L,flJ El 



6*i„i?„ ^ 5*. 

& V, 

Thus defined, NT is actually a normal pseudo-simplicial bicategory. Both coherence 
conditions for NT (i.e., conditions (CCl) and (CC2) in [10 , with the modifications 7 and 
5 the unique unity coherence isomorphisms 1 o 1 ^ 1) follow from the equalities RpLp = 1, 
VpLp = 1, and RpYp = 1, by employing the useful Fact 13.131 below. This proves Theorem 
[3X11 

Fact 3.1.3. Let a : F ^ F' : B -^ C be a lax transformation between homomorphisms of 
bicategories. Then, for any 2- cell in B 



an 


x^ 


— s- 




— s- 




In 


^ 












^ , 








4j.« 




x' 


> 












^ 


''0 


x\ 


— s- 




— s- 


Xm 


bm 
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the following equality holds: 



Faa Fxi 



Fx Fbo 



■ • ■ • ^- FXn Fa„ 

i^Fu Fb,„ Fx' 



Fag Fxi 



FXn Fa„ 



Fx 



Fx[ 



-T X^^ 



^60 



F'x 



JJot 



ijac 



Fx' 



i}aa 



F'x' 



F'bo F'x'i 



F'x' F'b„ 



F'xi 

F'x F'ao 
F'bo F'x'i 



r Xr] 



i}.F'u 



F'a„ F'x'. 



F'x' F'b„ 



And when it comes to Theorem 13.1.21 first, let us note that the homomorphisms NpH : 
NpT -^ NpT', p > 0, make commutative the diagrams 



NpT- 



N„H 



-^NpT' 



L=Li 



H. 



R=Rl 



Reph(M, r) ^ Reph([p], r'), 

where ff* is the induced homomorphism by the trihomomorphism H : T ^ T' (see Lemma 
12.6.11 (i)). Then, the pseudo-equivalence ([5^ . 0^, is provided by the pseudo-equivalences 
V : LR =^ 1 and their adjoint quasi-inverses v* : 1 ^ LR (which we can choose such that 
i?v' = 1 and v'L = 1); that is, Oa = Ra*v*H^L o RH^LRa*L, 

RH^a*L = Ra*H^L 



N,iJ NaT = RH^LRa*L ■■■■■>. Ra*LRH^L = NaT' NpH. 

And, for [n] -^ [q] — > [p], any two composable arrows of A, the structure invertible 
modification ([33|) . Ha, 6, is the modification obtained by pasting the diagram 



RH^LRb*LRa*L 

RH^vb'LRa'L 

RH^b*LRa*L 

Rb'v'H,LRa'L 

Rb*LRH^LRa 

Rb'LRH,va'L 

Rb*LRH^a*L 



RH,LRb*va'L 



m 



=^ RH^RLb*a*L 

RH,vb*a*L 



R.b'H,va'L 




Rb*LRa*v'H,L 



^ Rb*LRa*LRH^L 



where the isomorphism labelled {A) is given by the adjunction invertible modification vov* = 
1. 

The coherence conditions for NH : NT -^ NT' (i.e., conditions (CCS) and (CC4) in 
[lOj . with the modifications F the coherence isomorphisms 1 o 1 = 1), are easily verified by 
using Fact 13.1.31 
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Suppose now T —^ T' —^ T" two composable trihomomorphisms. Then, the pseudo- 
simphcial pseudo-equivalence (p4|) . a : N7J' Nif =^ ^{H'H), is, at any integer p > 0, given 
by Up — RmL o RH^vH^tL, 



RH H^ L 



RHlvH,L 





NpH' NpiJ == RHiLRH^L ■■■>■ R{H'H)^L = Np{H'H), 

where the pseudo-equivalence m : H'^H^ => {H'H)^, : Repij([p],T) -> Repj^ ( [p] , T" ) is that 
given in Lemma 12.6.11 (ii). The naturality component of a at any map a : [q] -^ [p]. 



N„iJ'N„i/Nar = 



a<,N„r 






^N,(i7'i/)N,r 



N,H' N,r' Npif : 



^ NaT" NpH' NpH : 



is provided by the invertible modification obtained by pasting in 



>NaT"Np{H'H), 



H'^LRH^LRa* 

H',LRH,va' 

H^LRH^a* 

H',LRa*v'H 

H'LRa*LRH. 



H'va*LRH, 



H'vLRa' 



m 

H'vH,a' 



H^H^LRa* '^^^< . {H'H).^LRa* 



H'H,va' 



m 



» H^H^a* 



ma —a ?n. 



{H'H},va* 

> {H'H)^a* 



HLa*LRH, 




m 



a'v'iH'H), 



a'v'H'LRH, 



a'LRHlvH, 



P- a LRH Hjf 



a* LRm 



>a*LR{H'H), 



where the isomorphism labelled (A) is given by the adjunction invertible modification vov* = 
1. 

Finally, the pseudo-simplicial pseudo-equivalence ((35)) . /? : NI7- => Int, is defined by the 
family of pseudo-equivalences 



(43) 



^„ = RrnL 

Nplr = R{It)*L > RL = lN,r, 



where m : (Ir)* ^ 1 : R-epj^ ( [p] , T) -^ Repij([p],T) is the pseudo-equivalence in Lemma 
12.6.11 (iii). The naturality invertible modification attached at any map a : [g] — )■ [p], 

;3„N„r 



NaTNglr 



N^TfS, 



^NaT, 
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is that obtained by pasting the diagram 

R{lT)*LRa*L R^LRa-L 

fl(lr).va*L 



> RLRa*L = Ra*L 



R{lr),a*L^^£^Ra*L 



Ra*v'(lr),L 

Ra*LR{lr)*L 



m 

■ima 

m 



l=Rva'L 




l=Ra*v'L 



Ra^LRrnL 



>Ra*LRL^ Ra*L. 



The coherence conditions (CC5) and (CC6) in [TU], for both a and /3, are plainly verified. 

D 

4. The classifying space of a tricategory 

4.1. Preliminaries on classifying spaces of bicategories. When a bicategory B is re- 
garded as a tricategory all of whose 3-cells are identities, the nerve construction pS)) on it 
actually produces a normal pseudo-simplicial category 

NB = (N6, x) : A"" -^ Cat, 

which is called in [9, §3] the pseudo-simplicial nerve of the bicategory. The classifying space 
of the bicategory^ denoted by JiB, is then defined to be the ordinary classifying space of the 
category obtained by the Grothendieck construction [T5t on the nerve of the bicategory, that 
is, BB = BJ^NB, [9, Definition 3.1]. The following facts, concerning classifying spaces of 
bicategories, are proved in [5J (30) and Theorem 7.1]: 

Fact 4.1.1. Each homomorphism between bicategories F : B ^)- C induces a continuous 
cellular map B_F : BS — > BC. Thus, the classifying space construction, B (-4^ JiB, defines a 
functor from the category Horn of bicategories to CW-complexes. 

Fact 4.1.2. If F,F' : B ^f C are two homomorphisms between bicategories, then any lax (or 
oplax) transformation, F ^ F' , canonically defines a homotopy between the induced maps 
on classifying spaces, B_F ~ BF' : BB — > BC 

Fact 4.1.3. // a homomorphism of bicategories has a left or right biadjoint, the map in- 
duced on classifying spaces is a homotopy equivalence. In particular, any biequivalence of 
bicategories induces a homotopy equivalence on classifying spaces. 

Furthermore, we should recall that the classifying space of any pseudo-simplicial bicat- 
egory T : A — >■ Bicat is defined 10, Definition 5.4] to be the classifying space of its 
bicategory of simplices LJ^, also called the Grothendieck construction on T 10, §3.1]. That 
is, the bicategory whose objects are the pairs (x,p), where p > is an integer and x is an 
object of the bicategory T^, and whose hom-categories are 



/A-^((y.'?)>(a;,p)) 



MA[p] 



where the disjoint union is over all arrows a : [g] ^' [p] in the simplicial category A; composi- 
tions, identities, and structure constraints are defined in the natural way. We refer the reader 
to [ini §3] for details about the bicategorical Grothendieck construction trihomomorphism 

J^- : Bicat"^"" -^ Bicat, 
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from the tricategory of pseudo-simplicial bicategories to the tricategory of bicategories. The 
following facts, concerning classifying spaces of pseudo-simplicial bicategories, are proved in 
[TUl (42), (43), Proposition 5.5, and Theorem 5.7] : 

Fact 4.1.4. (i) IfT,Q : A°p — >■ Bicat are pseudo-simplicial bicategories, then each pseudo- 
simplicial homomorphism F : J- ^f Q induces a continuous map ^LF : B f. 7^ — ;■ B^^. 
(a) For any pseudo-simplicial bicategory J- : A — > Bicat, there is a homotopy 

(Hi) For any pair of composable pseudo-simplicial homomorphism F : F ^ Q , G : Q ^ %, 
there is a homotopy 

B/aG BX,^ ^ B^GF) : B/^^F ^ B/^H. 

Fact 4.1.5. Any pseudo-simplicial transformation F ^ G : F ^>- Q induces a homotopy 

B/a^ ^ B/^G : B/^F ^ B/^e. 

Fact 4.1.6. If F : F ^f Q is pseudo simplicial homomorphism, between pseudo simplicial 
bicategories F,Q : A — > Bicat, such that the induced map BFp : BFp -^ BQp is a homotopy 
equivalence, for all integers p > 0, then the induced map Bj^F : Bj^F — > Bj^Q is a 
homotopy equivalence. 

Fact 4.1.7. If F : IS. — > Horn C Bicat is a simplicial bicategory, then there is a natural 
homotopy equivalence 

Bj-^F^\QF\, 

where the latter is the geometric realization of the simplicial space BF : A — >■ Top, obtained 
by composing T with the classifying space functor B : Horn — )■ Top. 

4.2. The classifying space construction for tricategories. We are now ready to set 
the following definition, which recovers the more traditional way through which a classi- 
fying space is assigned in the literature to certain specific kinds of tricategories, such as 
3-categories, bicategories, monoidal categories, or braided monoidal categories (see Exam- 
ples |131I1!S1 and 14.71 below, also [Ulin] or [53] and references therein). 

Definition 4.2.1. The classifying .space BF, of a tricategory T , is the classifying space of 
its bicategorical pseudo-simplicial Grothendieck nerve (I25p . N7~ : A°p -^ Bicat, that is, 

(44) BT := B/^NT . 

Let us remark that the classifying space of a tricategory 7" is then realized as the classifying 
space of a category canonically associated to it, namely, as 

Br = BX,N(4Nr) = |N(x,N(/^Nr))|. 

The next two theorems deal with the basic properties concerning with the homotopy 
behavior of the classifying space construction, 7" i— > B7", with respect to trihomomorphisms 
of tricategories. 

Theorem 4.2.2. (i) Any trihomomorphism between tricategories H : T ^ T' induces a 
continuous map BH : BT — > B7~' . 

(ii) For any pair of composable trihomomorphisms iJ : 7" — > 7"' and iJ' : T'' — > 7~", there 
is a homotopy 

BH' BH ~ B{H'H) : BT -^ BT" . 
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(Hi) For any tricategory T , there is a homotopy BIt" ~ Ibt '■ ^T — ^ BT. 



Proof, (i) By Theorem 13. 1.21 (i), any trihomomorphism H : T ^ T' gives rise to a pseudo- 
simplicial homomorphism on the corresponding Grothendieck nerves NiJ ; NT" — > NT"', 
which, by Fact l4.1.4l (z). produces the claimed continuous map BiT = B^NiT : BT — ^ BT'. 

(m) Suppose T ^ T' ^ T" are trihomomorphisms. By Theorem 13.1.21 fiz). there is a 
pseudo-simphcial pseudo-equivalence NiT NiT => N(i/'iJ), which, by Fact l4.1."5l induces a 
homotopy 

BJJJSH'NH) ~ B/^N(iJ'iJ) = B{H'H). 
Then, the result follows since, by Fact 14.1.41 (Hi), there is a homotopy 
B4(NiJ' NiT) ~ B/^NiJ' B/^NiJ = Bi?' BiJ. 



(Hi) By Theorem l3.1.2l (Mt). there is a pseudo-simplicial pseudo-equivalence NI7- => Int, 
which, by Fact 14. 1.51 induces a homotopy BI7- = B^Nlr ~ BJ^Int • Since, by Fact 14.1.41 

{ii), there is a homotopy B^^^Int — Blr ^r — ^bt ) the result follows. D 



Theorem 4.2.3. If F,G : T ^ T' are two trihomomorphisms between tricategories, then 
any tritransformation, F ^ G, canonically defines a homotopy between the induced maps 
on classifying spaces, BT ~ BG : BT -^ BT' . 

Proof. Suppose 9 = {6, 11, M) : T => G : T — > T' is a tritransformation. There is a 
trihomomorphism i7 : T x [1] — >■ T' making the diagram commutative 



(45) 



Tx[0 


] ~ 


T 






lx<5o 


ni 




H 


^^ 


/ X ^_LJ 






^^ 


lx5i 






^G 





r, 



T X [0] ^ T 
such that, for any objects p, q of T, the homomorphism 

H = i?(p.i)(g,o) : rx [l]((p, 1), (g, 0)) -^ T'{Fp, Gq) 
is the composite of 

T{p, q) X {(1, 0)} - T{p, q) A T'{Gp, Gq) Il^^I^lL T'{Fp, Gq). 
For objects p, q, r of T, the pseudo-equivalence 



(Tx [l])((g, 0), (r, 0)) X (Tx [l])((p, 1), (g, 0)) - 
Tx [l]((p, 1), (r, 0)) 



HxH 



H 



^r'{Gq,Gr) xT'{Fp,Gq) 
>-T'{Fp,Gr) 
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is obtained by pasting the diagram 

r(g, r) X T{p, q) ^""^ > V{Gq, Gr) x T'{Gp, Gq) l^lll}^ r'{Gq, Gr) x T'iFp, Gq) 



i^r- 



Tip, r) 



and the pseudo-equivalence 



-^T'{Gp,Gr) 



T'(e^,i) 



-^T'{Fp,Gr), 



(rx[l])((g,l),(r,0))x(rx[l])((p,l),(g,l)) 



HxH 



U' 



rx[l]((p,l),(r,0)) 



H 



^V{Fq,Gr) xViFp,Fq) 
^T'iFp,Gr) 



by pasting in 



T{q, r) X Tip, q) -^^L^ T {Gq, Gr) X r'{Fp, Fq) Illfl^ r'(Fg, Gr) x r'{Fp, Fq) 

r'[Fq,Fr)xT'[Fp,Fq) 



J>x^ 



T{p,r 




T'iFp, Fr) 
^T'iGp,Gr) 



-^r{Fp,Gr). 



For p, q, r, s any objects of T, the component of the invertible modification ui^ at the 
triples of composable 1-cells of Tx [1] 

[P, 1) — ^ [q, 0) s- (r, 0) ^ (s, 0), 

f ni±lill^ n^Zlill^lV mi^l^^ n^ 

(p, 1) — ^ [q, 1) — ^ ('', 0) — ^ (s, 0), 

(p, 1) ^ (g, 1) ^ [r, 1) ^ (s, 0), 

are canonically provided by the 3-cells P5|) . (|T7)) and (1151) below. 

((Ga;(g)Gy)(g)Gz)®6'p: 
(46) .6 



(X*^®!)®! 



{Gx®{Gy®Gz))®9p 



(1®X^)®1 



^ (Ga;®(G(?/®2:))(8)6'p: 



=^ (G(a;{8)y)®Gz)®6'p 
G((x(8)j/)®z)(X)6'p 

II Go® 1 

=^G(x(g)(y{8)2))®6'p. 



(47) 



{Gx®Gy)®{eq®Fz) =^ G{x®y)®{eq®Fz) 

V G V 

(Ga:(8)G2/)(8)(Gz(8)6'p) ^^> G(x®j/)(8)(Gz(g)6'p) 
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(48) 



% Gx®{{Gy®0g)(g)Fz) 



Ei®n 



Gx'S){{9r®Fy)®Fz)'. 

Gx(S,{0r(S){Fy^Fz)) 

|i»(i«.x-^) 
Gx<»{er®F{y®z)) = 

To finish ttie description of the homomorphism H, say that the component of the invertible 
modification 6^ at any morphism (a:, (1, 0)) : {p, 1) -^ (g, 0) is canonically obtained from the 
3-cells 1 (g) M and 6'^ (^1 below, while the component of 7^ is provided by 3-cell 7*^ (g) 1. 



i(»e 



:> Gx®{G{y®z)®ep) <■ 



it^ix'^®! 



>Gx®{Gy®{eq®Fz)) 
|li«i(i®e) 

Gx®{Gy®{Gz®9p)) 

J|l(»a* 

Gx®{{Gy®Gz)®ep) 



Gx®e. 



Gxi 



Gr®l 



P — 

Gx®{l ®9p] 



:^^^^ Gx®{ep®i) ^^'^^' > Gx®{ep®Fi) 



E l(g)M 



10(t''iS)l) 



:^ (Ga;(X)l)®6'p {l®Gx)®9p ' ^ '^> {Gl®Gx)®9p 



ii^ 



(i®t^)(»i 



G(x(g)l)®0j,<= 



(Ga;(g)Gl)®6'p, 



GI81 



:G(l®a;)®0p. 



Gx®9p < 

We are now ready to complete the proof of the theorem: Applying the classifying space 
construction to diagram (|^5|) , we obtain a diagram of maps 



BV, 




i[0] ^ BT 



where, by Theorem l4.2.2l (M). both triangles are homotopy commutative. Since B[l] = [0, 1], 
the unity interval, the result follows. D 

As a relevant consequence for triequi valences between tricategories [171 Definition 3.5], 
we have the following: 

Theorem 4.2.4. (i) If F : T ^ T' is any trihomomorphism such that there are a triho- 
momorphism G : T' ^ T and tritransformations FG => 1t' and 1 =^ GF, then the induced 
map BF : BT -^ B7~' is a homotopy equivalence. 

(a) Any triequivalence of tricategories induces a homotopy equivalence on classifying 
spaces. 



Proof, (i) Given any trihomomorphism T : 7" — ?> 7~' in the hypothesis, by Theorem 14.2.21 
(ii), there is a homotopy BFBG ~ B(FG). By Theorem l4.2.31 the existence of a homotopy 
B(FG) ~ BI7-/ follows. Since, by Theorem 14.2.21 (Hi), there is a homotopy BI7-/ ~ IbT'i 
we conclude the existence of a homotopy BFBG ~ Ibt'- Analogously, we can prove that 
Ibt — BGBF, which completes the proof. 
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Part (m) clearly follows from part (i). D 

4.3. Example: Classifying spaces of 3-categories. In [36], Segal observed that, if C is 
a topological category, then its Grothendieck nerve (|24p is, in a natural way, a simplicial 
space, that is, NC : A — > Top. Then, he defines the classifying space of a topological 
category C to be |NC|, the realization of this simplicial space. 

This notion given by Segal provides, for instance, the usual definition of classifying spaces 
of strict tricategories, or 3-categories (hence of categories and 2-categories, which can be 
regarded as special 3-categories). A 3-category T is just a category enriched in the category 
of 2-categories and 2-functors, that is, a category T endowed with 2-categorical hom-sets 
T{t', t), in such a way that the compositions T(i', t) x T(i", t') — s> T{t" , t) are 2-functors. By 
replacing the hom 2-categories T{t',t) by their classifying spaces, we obtain a topological 
category, say C7-, with discrete space of objects and whose hom-spaces are Cr{t',t) — 
BT{t',t). The classifying space of this topological category jNCrl is, by definition, the 
classifying space of the 3-category T- 

Theorem 4.3.1. For any 3-category T there are homotopy equivalences 

|NCr I ~ BT ~ IdiagNNNTI, 

where NNNT : A°p x A°p x A°p -^ Set, ( [p] , [q] , [r] ) i-^ N^N^NpT, is the trisimplicial set 
triple nerve of the 3-category, and diagNNNT : A°p -^ Set, [p] 1-^ NpNpNpT, its diagonal 
simplicial set. 

Proof. Note that, for any 3-category T, the equality of simplicial spaces NC7- — BNT 
holds, where the latter is the simplicial space obtained by composing its (actually simplicial 
2-category) nerve ^, NT : A°p -j- 2-Cat, with the classifying functor B : 2-Cat -> Top. 
Then, by Fact 14.1. "71 there is a natural homotopy equivalence BT — INC7-I. 

Furthermore, an iterated use of the natural homotopy equivalences BT — |BNT| (which, 
of course, also work both for 2-categories and categories) give the following chain of homotopy 
equivalences, for any 3-category T, 

BT - \[p] ^ BNpTI ~ \[p]^ \[q] ^ BN.NpTII 

- lb] ^\[q]^ \[r] ^ N^N<,NpT||| = |diagNNNT|, 

where the last homeomorphism above is a consequence of Quillen's Lemma |35l page 86] . D 

4.4. Example: Classifying spaces of bicategories. When a bicategory B is viewed 
as a tricategory whose 3-cells are all identities, then its classifying space as a tricategory, 
according to Definition 14.2.11 coincides with the classifying space of the bicategory, BB, as 
defined in ^9, Definition 3.1]. 

4.5. The Segal nerve of a tricategory. Several theoretical interests suggest dealing with 
the so-called Segal nerve construction for tricategories. This associates to any tricategory 
T a simplicial bicategory, denoted by ST, which can be thought of as a 'rectification' of the 
pseudo-simplicial Grothendieck nerve of the tricategory NT (|25p . since both are biequivalent 
in the tricategory of pseudo-simplicial bicategories and therefore model the same homotopy 
type. Furthermore, ST is a weak 3-category under the point of view of Tamsamani [43] 
and Simpson [38] . in the sense that it is a .special .simplicial bicategory, that is, a simplicial 
bicategory S : A — > Hom satisfying the following two conditions: 

(i) So is discrete (i.e., all its 1- and 2-cells are identities). 
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(ii) for n > 2, the Segal projection homomorphisms (see [37l Definition 1.2]) 

(50) Pn = _[_[ rfo • • ■dk-2dk+l ■ ■ -dn- S„ > SidoXdiSldoXrfj- • -rfjjXdiSi 



are biequi valences of bicategories. 

For a reduced special simplicial bicategories S as above, that is, with 5*0 = 1, the one- 
object discrete bicategory, the simplicial space BS : A"" — > Top, obtained by replacing each 
bicategory by its classifying space, satisfies hypothesis (i) and {ii) of Segal's Proposition 1.5 
in [33 (see also [33i): BS'o is contractible, and the maps Bp„ : BSn — > B(S'") = (B5i)" are 
honiotopy equivalences. Then, BS*! becomes an iJ-space with multiplication induced by the 

p* rf 
composite honiomorphism Si x Si c^ S2 -^ Si, and we have the following useful result: 

Lemma 4.5.1. If S is any reduced special simplicial bicategory, then the loop space n\BS\ 
is a group completion of BSi . Then, if ttqSi is a group, there is a homotopy equivalence 
BSi:^n\BS\. 

Let us recall that, for a given tricategory T, the construction given in ([8]) of the bicategory 
of unitary honiomorphic representations of any small category / in the tricategory 7", / 1— >■ 
Rep^[j(/, T), is clearly functorial on the small category /, and it leads to the definition 
below. 

Definition 4.5.2. The Segal nerve of a tricategory T is the simplicial bicategory 

(51) Sr : A" ^ Horn C Bicat, [p] ^ SpT = Rep,i,([p], T). 

We should remark that, when T = S is a bicategory, that is, when its 3-cells are all 
identities, then the Segal nerve SB is introduced in [HI Definition 5.2], although it was first 
studied by Lack and Paoli in f29] under the name of '2-nerve of B\ However, this may 
be a confusing terminology for SB since, for example, the so-called 'geometric nerve' of a 
2-category S [6l[9] is also called the '2-nerve of B' in [45] . 

Theorem 4.5.3. Let T be a tricategory. Then, the following statements hold: 
(i) There is a normal pseudo- simplicial homomorphism 

(52) L : NT ^ sr, 

such that, for any p > 0, the homomorphism Lp : NpT — J- Sp7~ is a biequivalence of bicate- 
gories. 

(ii) The simplicial bicategory ST is special. 

Proof. Let us recall the explicit construction of NT — (NT, X; ^) given in the proof of 
Theorem 13.1. 11 particularly the constructions of the bicategories NpT in (|26|) . of the homo- 
morphisms NaT in (|38l). of the pseudo-equivalences Xa.b in pO]) . and of the modifications 
'^a,b.c in (|4ip . Furthermore, recall from Lemma 12.7.11 (c) that every biadjoint biequivalence 
((37)) restricts by giving a biadjoint biequivalence 

(53) Lp^Rp-. NpT ^ SpT. 

The normal pseudo-simplicial homomorphism ([52]). L = {L,9,Il) : NT -^ ST, is then 
defined by the homomorphisms ip : NpT — s- SpT, p > 0. For any map a : [q] -^ [p] in the 
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simplicial category, the structure pseudo-equivalence 



NaT 



^SpT 






is provided by the counit pseudo-equivalence Vg : LgRg 
(54) Lg NaT = LgRga*Lp t^^^ 



=> ls,r ; that is, 
X * r 



jp. 



For [n] — > [q] — ;• [p], any two composable arrows of A, the structure invertible modification 



L„NfarN,r = 

eN„r 
6*L„N,r = 



6*e 



Ho 

>b*a*L 



p 



6 

iab)*Lp 



.,b — ^i,Ci*Lp 



is directly provided by the canonical modification P^ . Ha,! 

The coherence conditions for L (i.e., conditions (CCS) and (CC4) in [10 , with the 
modifications F the coherence isomorphisms 1 o 1 = 1), are easily verified by using Fact 
13.1.31 This complete the proof of part (i). 

And when it comes to part (ii), that is, that ST is a special simplicial bicategory, we 
have the following (quite obvious) identifications between bicategories: 



(55) 
(56) 



SoT - Rep,,h([0], T) = ObT = NoT, 

Sir = Rep,h([i],r)= u r(ii,to) = Nir, 

(to,«i) 



X u r(ip,ip-i) 

\'-p— 1 7^p ) 



and, for any integer p > 2, 

SlTdo>^d^-■do>^d^SlT = U T{ti,ta) X U T(t2,tl) X 

(to,ti) {tut2) 

= u r(ii,io)xr(t2,ii)x---xr(ip,Vi) = Npr. 

Through these identifications we see that, for any integer p > 2, the Segal projection ho- 
momorphism ([50]) is precisely the biequivalence Rp : SpT — >■ NpT in ([55]) which, recall, is 
defined by restricting it to the basic graph ((36)) of the category [p] . Whence the simplicial 
bicategory ST is special. D 

The following theorem states that the classifying space of a tricategory T can be realized, 
up to homotopy equivalence, by its Segal nerve ST. This fact will be relevant for our later 
discussions on loop spaces. Let 

BST : A°P -^ Top 

be the simplicial space obtained by composing ST : A — > Hom C Bicat with the classify- 
ing functor B : Hom — > Top (recall Fact 14.1.11) . 



Theorem 4.5.4. For any tricategory T, there is a homotopy equivalence BT — |BST|. 
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Proof. Let us consider the pseudo-simplicial homomorphism ([52|) . L : NT — > ST. Since, for 
every integer p > 0, the homomorphism Lp : NpT -^ SpT is a biequivalence, it follows from 
Fact 14.1.31 that the induced cellular map BLp : BNpT —^ BSpT is a homotopy equivalence. 
Then, by Fact 14.1.61 the induced map B J^L : B^NT — )> B^ST is a homotopy equivalence. 
Since, by definition, BT = B^NT, whereas, by Fact 14.1.71 there is a homotopy equivalence 
BJ^ST— |BST1, the claimed homotopy equivalence follows. D 

4.6. Example: Classifying spaces of monoidal bicategories. Any monoidal bicategory 
{B, ®) = {B, 0, 1, a, Z, r, tt, /i. A, p) can be viewed as a tricategory 

(57) S(B,®) 

with only one object, say *, whose hom-bicategory is the underlying bicategory. Thus, 
S(B, ig))(*, *) = B, and it is the composition given by the tensor functor ® : B x B ^ B 
and the identity at the object is 1, = I, the unit object of the monoidal bicategory. The 
structure pseudo-equivalences and modifications a, I, r, tt, /i. A, and p for E(i3, (>D) are 
just those of the monoidal bicategory, respectively. Call this tricategory the suspension, 
or delooping, tricategory of the bicategory B induced by the monoidal structure given on it, 
and call its corresponding Grothendieck nerve (PSl) the nerve of the monoidal bicategory, 
hereafter denoted by N{B, 0). Thus, 

(58) N(i3, 0) = NE(S, (g)) : A°p ^ Bicat, [p] ^ B^, 

is a normal pseudo-simplicial bicategory, whose bicategory of p-simplices is the p-fold power 
of the underlying bicategory B, with face and degeneracy homomorphisms induced by the 
tensor homomorphism ® : B x B ^ B and unit object I, following the familiar formulas (l27l) . 
in analogy with those of the reduced bar construction on a topological monoid, and with 
structure pseudo-equivalences and modifications canonically arising from the data of the 
monoidal structure on B. The general Definition 14 . 2 . 1 1 for classifying spaces of tricategories 
leads to the following: 

Definition 4.6.1. The classifying space of the monoidal bicategory, denoted by B(B, Cg)), is 
defined to be the classifying space of its delooping tricategory T,{B,(E)). Thus, 

(59) B(6,(8)) = BI](i3,®) = B/^N(S,«)) . 

If (C, (8)) = (C, ®, I, a, I, r) is a monoidal category, and we regard C as a bicategory all of 
whose 2-cells are identities, then the suspension tricategory S(C, ®) is actually a bicategory, 
called in [251 2.10] the delooping bicategory of the category induced by its monoidal structure. 
The nerve of S(C, ®) then becomes the pseudo-simplicial category 

(60) N(C, ®) : A°P -f Cat, [p] ^ C^ , 

used by Jardine in [231 §3] to define the classifying space of the monoidal category just as 
above: B(C, 0) = j^{C,®) (see also [7], [4], or [22l Appendix], for more references). Thus, 

(61) B(C,«)) = BS(C,®), 

as above for arbitrary monoidal bicategories. 

It is a well-known fact by Stasheff [l^ that the classifying space of a monoidal category 
(C, ®) is, up to group completion, a loop space. More precisely, it is a fact that 

" the loop space ^H(C,®) is a group completion ofJiC" 
(see [23, Propositions 3.5 and 3.8] or [7, Corollary 4]). Next theorem extends Stasheff's 
result to bicategories, by showing that the group completion of the classifying space of a 
bicategory enriched with a monoidal structure is homotopy equivalent to a loop space. 
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Theorem 4.6.2. For any monoidal bicategory (;B, ®), the loop space of its classifying space, 
riB{B, (E)), is a group completion of the classifiying space of the underlying bicategory, BB. In 
particular, if the monoid of connected components ttqB is a group, then there is a homotopy 
equivalence BS ~ QJi(B, ®). 



Proof. By Theorem 14.5.41 B{B,<Si) is homotopy equivalent to |BSI](;B, (g))|, the geometric 
reaHzation of the the simphcial space obtained by taking classifying spaces on the simplicial 
bicategory SJ^{B, (E)), Segal nerve of the suspension tricategory of the monoidal bicategory. 
By Theorem l4.5.3l S'S{B, (g)) is a special simplicial bicategory. Furthermore, since the tricat- 
egory S(S, (g)) has only one object, ST,{B, 0) is reduced (see ([55]) ). Hence, the result follows 
from Lemma [4.5. 11 since Si'S{B, ®) — B, by the identification ((56)) . D 

4.7. Example: Classifying spaces of braided monoidal categories. Let {C,(E),c) be 

a braided monoidal category as in [24 . Thanks to the braidings c: x®y^>-y®x, the given 
tensor product on C defines in the natural way a tensor product homomorphism on the sus- 
pension bicategory of the underlying monoidal category, ® : S(C, ®) x S(C, ®) -^ S(C, ®). 
Thus (S(C, ®),®) is a monoidal bicategory. The corresponding suspension tricategory, 

(62) I]2(C,®,c) = S(S(C,®),(8)) 

is called the double suspension, or double delooping, of the underlying category C associated 
to the given braided monoidal structure on it (see [5j 4,2.5], j251 4.2] or [171 7.9]). This 
is a tricategory with only one object, say *, only one arrow * = 1, : * — >■ *, the ob- 
jects of C are the 2-cells, and the morphisms of C are the 3-cells. The hom-bicategory is 
S^(C, ®, c)(*, *) = I](C, ®), the suspension bicategory of the underlying monoidal category 
(C, ®), the composition is also (as the horizontal one in S(C, Cg))) given by the tensor functor 
® : C X C ^ C and the interchange 3-cell between the two different composites of 2-cells 
is given by the braiding. The most striking instance is for {C,®,c) — (A, -f,0), the strict 
braided monoidal category with only one object defined by an abelian group A, where both 
composition and tensor product are given by the addition -I- in A; in this case, the double 
suspension tricategory Y?A is precisely the 3-category treated in Examples 12.21 and 12.51 

For any braided monoidal category (C, ®, c), the Grothendieck nerve (p5)) of the double 
suspension tricategory T?(C,®,c) coincides with the pseudo-simplicial bicategory called in 
[lOj the nerve of the braided monoidal category, and denoted by N(C, (8',c). Thus, 

(63) N(C,®,c)=NI]2(C,(g),c) : A"'' ^Bicat, [p] ^ {T.{C , ®)Y = ^.{0^ , ®) , 

is a normal pseudo-simplicial one-object bicategory whose bicategory of p-simplicies is the 
suspension bicategory of the monoidal category p-fold power of (C, ®)- Since the classifying 
space of the braided monoidal category |101 Definition 6.1], B(C, ®, c), is just given by 

(64) B(C, ®, c) = B4N(C, (g), c), 

we have the following: 

Theorem 4.7.1. The classifying space of a braided monoidal category coincides with the 
classifying space of its double suspension tricategory, B(C, (g),c) — BS^(C, (g),c) . 

Braided monoidal categories have been playing a key role in recent developments in 
quantum theory and its related topics, mainly thanks to the following result: 

"The group completion of the classifying space of a braided monoidal category 
is a double loop space" 
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as was noticed by J. D. Stashcff in 42,, but originally proven by Z. Ficdorowicz in 14 (other 
proofs can be found in 4, 5 ). Below we show a new proof of StashcfF-Fiedorowicz's result, 
in the more precise form stated in |10[ Theorem 6.10]: 

Theorem 4.7.2. For any braided monoidal category (C, Cg), c) there is a homotopy equiva- 
lence B(C, (E)) ~ ilB{C, (g), c). 

Proof. By Theorem 14.7.11 the classifying space of any braided monoidal category (C, (8),c) 
is the same as the classifying space of the monoidal bicategory E(E(C, (g)), 0). Therefore, 
ilB{C,(E),c) — f7BS(E(C, (gi),®). Since E(C, (g) has only one object, it is obvious that its 
monoid of connected component 7roE(C, (g)) = 1, the trivial group. Then, by Theorem l4.6.2l 
there is a homotopy equivalence BT,{C,(g)) ~ riBE(E(C, (g)), (g)). Since, by dH]), B(C, (g) = 
BE(C, (g), the result follows. D 

Corollary 4.7.3. For any braided monoidal category (C, (g),c), the double loop space of 
its classifying space, fl^B{C\(E,c), is a group completion of the classifying space of the 
underlying category, BC 

Proof. By Theorem l4.6.21 i7B(C, (g) is a group completion of BC By Theorem 14. 7. 21 above, 
there is a homotopy equivalence OB(C, (g) ~ ri^B(C, g), c), whence the result. D 

Remark 4.7.4. When each suspension bicategory I](C, g)) is replaced in (|55| by its nerve, 
that is, by N(Cp, g)) : A°p -^ Cat, then one has a pseudo-bisimplicial category 

A°P X A°P ^ Cat, {[p], [q]) ^ CT^'i, 

which (for (C, g)) strict) is taken in [4] to construct a double delooping space for the clas- 
sifying space of the underlying category BC. That double delooping space is homotopy 
equivalent to the classifying space of the braided monoidal B(C, g), c). 

5. The Street nerve of a tricategory 

With the notion of the classifying space of a tricategory T given above, the resulting CW- 
complex B7~ thus obtained has many cells with little apparent intuitive connection with the 
cells of the original tricategory, and they do not enjoy any proper geometric meaning. This 
leads one to search for any simplicial set realizing the space BT and whose cells give a logical 
geometric meaning to the data of the tricategory. With the definition below (which, up to 
minor changes and terminology, is essentially due to Street [39| 141)). we give a convincing 
natural response for such a simplicial set. 

5.1. The geometric nerve of a tricategory. For any given tricategory T, the construc- 
tion / 1— >■ Repy(/, T) given in ([3]), which carries each category / to the set of unitary 
representations of / in T, is clearly functorial on the small category /, whence we have the 
following simplicial set: 

Definition 5.1.1. The geometric nerve of a tricategory T is the simplicial set 

(65) Ar:A°P ^ Set, [p] ^ Rep^{[p],T), 

whose p-simplices are unitary representations of the category [p] in T. 

The simplicial set AT encodes the entire tricategorical structure of T and, as we will 
prove below, faithfully represent the classifying space of the tricategory T, up to homotopy. 
We shall stress here that the simplices of the geometric nerve AT have the following pleasing 
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geometric description: The vertices of AT are points labelled with the objects Fq of T. The 
l-simplices are paths labelled with the 1-cells 

(66) Foi : Fi ^ To. 

The 2-siinplices are oriented triangles 



(67) 



T2 



Tl 



Tn 



with objects T placed on the vertices, 1-cells Tj : Fj — >■ T on the edges, and labelling the 
inner as a 2-cell F012 : -Foi ® F\2 => F02. For p > 3, a p-simplex of AT is geometrically 
represented by a diagram in T with the shape of the 3-skeleton of an oriented standard 
p-simplex whose 3-faces are oriented tetrahedrons 



F, 



Fk 



\ 
■■■^F. 



one for each 0<i<j<k<l<p, whose faces 
(69) ^ Fi ^_ ^ Fi 



Fm y \ F,l 



Fki / -. Fu 



Fk 



F, 



Fu. 



F,k '■" ■' F,^ 

are geometric 2-simplices as above, and 
(70) Fi 



-^F,. 



Fi 



-^F, F, 



Fk 



F,j 



Fik 



^F. 



Fi 



Fk 



\\ 



lr T 



Fijk 



Fk 



-^F, 



\ 



T- 



T- 



is a 3-cell of the tricategory that labels the inner of the tetrahedron. For p > 4, these data 
are required to satisfy the coherence condition (CRl), as stated in Section [21 that is, for 
each 0<i<j<k<l<m<p, the following diagram commutes: 



Fi ^ A \ t T 



p 



J^.jfcn 



Fk 

F,klr„ 



T, 



(The fourth Street's oriental, [39]) 



^F^ 



Fk' 



t T 



F„ 



Fk 



t T 



> Fi - 



■F, 



Fk 



t 



^ m 

F ■■■ F F 



^ 



T- 






-1 



The simplicial set AT" is coskeletal in dimensions greater than 4. More precisely, for 
p > 4, a p-simplex T : A[p] — > T of AT is determined uniquely by its boundary dF — 
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{Fd°,...,FdP) 



dA[p] -^^ AT, 



A[p] 

and, for p > 5, every possible boundary of a p-simplex, 9A[p] -^ AT, is actually the 
boundary dF of a geometric p-simplex F of the tricategory T- 

5.2. Example: Geometric nerves of bicategories. When a bicategory B is regarded as 
a tricategory, all of whose 3-cells are identities, then a unitary representation of any category 
/ in it is the same as a unitary lax functor / — > i3. Hence, the simplicial set AB is precisely 
the unitary geometric nerve of the bicategory, as it is called in [S] (but denoted by A B) 
where, in Theorem 6.1, the following fact is proved: 

Fact 5.2.1. For any bicategory B, there is a homotopy equivalence BS ~ |AB|. 

The construction of the geometric nerve for a bicategory was first given in the late eighties 
by J. Duskin and R. Street (see [101 pag. 573]). In [T3], Duskin gave a characterization of 
the unitary geometric nerve of a bicategory B in terms of its simplicial structure. The 
result states that a simplicial set is isomorphic to the geometric nerve of a bicategory if and 
only if it satisfies the coskeletal conditions above as well as supporting appropriate sets of 
'abstractly invertible' 1- and 2-simplices (see Gurski f2P, for an interesting new approach 
to this subject). 

5.3. Geometric nerves realize classifying spaces of tricategories. We now state and 
prove a main result of the paper, namely: 

Theorem 5.3.1. For any tricategory T, there is a homotopy equivalence BT — |A7~|. 

Proof. Let us consider, for any given tricategory T, the simplicial bicategory 

(71) AT : A°P -> Horn C Bicat, [g] h^ Rep^, ( [q] , T) , 

whose bicategories of g-simplices are the bicategories of unitary representations ^ of [q] 
in T- In this simplicial bicategory, the homomorphism induced by any map a : [q] — >■ [p], 
a* : AT —> AT, is actually a 2-functor. Hence, the bisimplicial set 

AAr : A°' X A"'' ^ Set, {[p], [q]) ^ ApA^T = RepJW, Rep,(M, T)), 

is well defined, since the geometric nerve construction A is functorial on unitary homomor- 
phisms between bicategories. The plan is to prove the existence of homotopy equivalences 

(72) Br~|diagAAr|, 

(73) I ATI ~ IdiagAATI, 
whence the theorem follows. 

• The homotopy equivalence (|72p : The Segal nerve of the tricategory (|51[) is a simplicial 
sub-bicategory of AT- Let L : NT -^ AT be the pseudo-simplicial homomorphism obtained 
by composing the pseudo simplicial homomorphism (I52p . equally denoted by L : NT" — > S7~, 
with the simplicial inclusion S7~ C AT- Let us now observe that, at any degree p > 0, 
the homomorphism Lp : NpT -> AT is precisely the homomorphism ([TT]) . 'Rep^^{Qp,T) — !> 
Rep^([p],T), corresponding with the basic graph Qp = {p ^> ■ ■ ■ ^ 1 ^ 0) oi the category 
[p]. Then, by Lemma [2.7.1) we have a homomorphism (fTO|) . Rp : AT —> NpT, such that 
RpLp = In t, a-nd a lax transformation Vp : LpRp =^ 1a t- It follows from Fact 14.1.21 
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that every induced map BLp : BNpT" — ^ B A T is a homotopy equivalence. Then, by 
Fact l4.l!El the induced map B^i : B^NT -^ Bj^AT is a homotopy equivalence. Let 
BAT : A -^ Top be the simplicial space obtained by composing AT" with the classifying 
functor B : Horn -^ Top (see Fact I4.1.T|) . Since, by definition, BT = B_^NT, whereas, 
by Fact 14.1.71 there is a homotopy equivalence B_|^A7~ ~ |BA7~|, we have a homotopy 
equivalence BT — |BAT|. Furthermore, by Fact 15. 2. T] in Example 15. 2[ we have a homotopy 
equivalence 

|BAT| = |Mk^BA,T| ^ |[(?].^|AA,T|l-|diagAAT|, 

where, for the latest equality (actually a homeomorphism) we refer to Quillen's Lemma in 
[551 page 86]. Thus, BT ~ |diagAAT|, as claimed. 

• The homotopy equivalence (j73p : Note that the geometric nerve AT is the simplicial set 
of objects of the simplicial bicategory AT, that is, AT = AqAT. Therefore, if we regard 
AT as a simplicial discrete bicategory (i.e., all 1-cells and 2-cells are identities), then A AT 
becomes a bisimplicial set that is constant in the horizontal direction, and there is a natural 
bisimplicial map A AT ^-^ A AT, which is, at each horizontal level p > 1, the composite 
simplicial map 

(74) AT = AqAT ^ Ai AT ^---^ Ap_i AT '^' Ap AT. 

Next, we prove that the simplicial map AT -^ diagAAT, induced on diagonals, is a weak 
homotopy equivalence, whence the announced homotopy equivalence in (|73p . It suffices to 
prove that every one of the simplicial maps in (j74p is a weak homotopy equivalence and, 
in fact, we will prove more: Every simplicial map Sp_i, p > 1, embeds the simplicial set 
Ap_iAT into ApAT as a simplicial deformation retract. Since d^s^_i = 1, it is enough to 
exhibit a simplicial homotopy h : Sp_idp => 1 : ApAT —>■ ApAT- 

To do so, we shall use the following notation for the bisimplices in AAT. Since such a 
bisimplex of bidegree (p, q), say F e ApAT, is a unitary representation of the category [p] in 
the bicategory of unitary representations Rep^ ( [q] , T) , it consists of unitary representations 
T" : [q] ^ T, 1-cells F"'^ : T^ ^ T", and 2-cens T"'^'™ : T"'^ o T"^'^ ^ T"'™ in the 
bicategory Repy([(7],T), for {)<u<v<w<p, such that the diagrams 

(pu.v Q pv.,w\ Q pw.t ° ; . pu.v Q /pv.w Q pw,t\ 

F— ol| ^ ^ |loF-™.* 

pu.w „ J^ii^-^- ' '^^ pu.t ^^ ^ pu.v ^ pv^t 

commute for u < v < w < t. Hence, such a (p, (7)-simplex is described by a list of cells of 
the tricategory T 

with 0<i<j<k<l<q, where each Fi (= Fj°) is an object, the T"^- : Fj — >■ T; are 
1-cells, the i^";^. fc : i^'f^ «) F;;^ ^ i^-^fc, and F^^f : F^j ^ i^-^^ are 2-cells, and the remaining 
are 3-cells as in 
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^r,j®Fi,. 






Frfi 



^Fl^®Fl^ 



FTC 






_F"' 



F., 



»j 



pn 



pu,v., 



FT:"-' 






satisfying the various conditions. The horizontal faces and degeneracies of such a bisimplex 
(f75|) are given by the simple rules d^F = {Fi.FfJ^, . . . ) and sJ^F = {Fi.FfJ", . . . ), whereas 
the vertical ones are given by d^^F = {Fd'^i,F^„^_^^-, ...) and sl^F = {Fs^t,F'^„^,.,„^, ...). 

Then, we have the following simplicial homotopy h : s^_idh ^ 1 : ApAT — > ApAT- For 
each < m < g, the map hm ■ ApA^T -^ ApA^_^_^T takes a (p, q)-simplex ([75)1 of AAT to 
the (p, q + l)-simplex /imi<" defined by 



{h^F)l^ = F^^ 



for < i < (? + 1, 
m- if w < p or J < m, 



i.hmF)l^,k = Fs^^,s^J,s^^k if w < P or fc < m, 

{hmFYi j k, for j < m < fc, is the 2-ccll obtained by the composition 



^^^^1 



^^7'®^.:i " 



-1^7nP-l ''■^■'=-1 ^p-1 



i,fc-l' 



i'T'mF)lj^k,i = P^^,s'^j,s'^k,s^i iiu<poTl<m, 

ihmF)l^M,i = Pl~^l3-i,k-i.i-i if "* < J' 

(hmF)^ ■ 1^ I, ioT j < m < k, is the 3-cell obtained by pasting the diagram 



J®Fj;;i,,_, 



(^,®F^.-^i)0FriVi ^^ Fi^MFii'_,^Fa,_,) 




'^j,*:-l^-^fe-l,;-l 
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(hmFYi j ki, ioT k < m < I, is the 3-cell obtained by pasting in 



iFr^Fl,)^F^\^^F[^^^iFl,^F^},) 



Fh<^Ki\ 



^Z^"« 



■1^ 



{F, 



"-^'"iSF^^^'" 



)81 



SI- 






{F!-'®Fl,')®Fl~\ ^ F[J'^{FI-'^F^\) ^ 



Fl^'^KA 




FF-^®Ff 



« J 




^^FVki-i 



FP-®FP7\ 



j,i-i 



(hmF) 



U,V 



{hn.Fr" 



u.v 






(h FV'" - F"'" 



{hmFr^ 



ii V < p OT j < m, 
if j > m, 

,™j- ,™fc if w < p or fc < m, 



i,3,k 



K^lj-hk-1 if"^<J, 



{hmF)^'^ J., for J < ?7i < fc, is the 3-cell is the obtained by pasting in 



^^^^1 



^'®^^i 







FTf®F;;ri 



'®F;:r, 



^®^fe-i 






■ F" 



fc-i 



(.h^F) 



U.V rpU,v 



u,p rpU 



FF 



i,3 



F. 



ii V < p OT i < m, 
ii m < i; 

ii w < p or j < m^ 



{h^F)^'' 



^2J 



FX',j-i if m<j. 



So defined, a straightforward (though quite tedious) verification shows that h : s^^^d^ 
is actually a simplicial honiotopy, and this completes the proof. 



> 1 

D 



5.4. Example: Geometric nerves of n-categories. On a small category C, viewed as 
a tricategory in which all 2-cells and 3-cells are identities, both the geometric and the 
Grothendieck nerve constructions can be identified: AC = NC, since, for any integer p > 0, 
we have Rep^([p],C) — Func([p],C) = Rep{Qp,C). For instance A[n] is the simplicial 
standard n-simplex whose p-simplices are the maps [p] — )■ [n] in A. 

The case of geometric nerves of 2-categories was dealt with by Street in [5^ . In 03 , but 
under the name of '2-nerve of 2-categories', the geometric nerve construction A : 2-Cat — >■ 
Simpl.Set was considered for proving that the category 2-Cat, of small 2-categories and 
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2-functors, has a Quillen model structure such that the functor 

Ex"^ A : 2-Cat -^ Simpl.Set 

is a right Quihen equivalence of model categories, where Ex is the endofunctor in Simpl.Set 
right adjoint to the subdivision Sd (see [16], for example). In [6], it was first proved that, 
for any 2-category B, there is a natural homotopy equivalence BS ~ |A;B|. It follows that 
the correspondence B H> BB induces an equivalence between the corresponding homotopy 
category of 2-categories and the ordinary homotopy category of CW-complexes. In [TT] . 
generalizations are given of both Quillcn's Theorem B and Thomason's Homotopy Colimit 
Theorem to 2-functors. 

In [39], Street gave a precise notion of nerve for n-categories. He extended each graph 
t/p = (p ^> ■ • • — >• 1 — >• 0) to a "free" w-category Op (called the p*^^- oriental) such that, for any 
n-category X, the p-simplices of its nerve, are just rt-functors Op -^ X, from the underlying 
n-category of the p"^-oriental to X. In the case when n = 3, Street's nerve construction on 
a 3-category T just produces, up to some directional changes, its geometric nerve AT, as 
stated in Definition 1 5. 1.11 From the homotopy equivalences in (j^HJ) and Theorem 15. 3. 1[ we 
get the following new result (see Example l4.3l for a discussion about the notion of classifying 
space of a 3-category) : 

Theorem 5.4.1. For any 3-category T, there are homotopy equivalences 

IdiagNNNTI ~ BT ~ |Ar|. 

5.5. Example: Geometric nerves of braided monoidal categories. If A is any abelian 
group, then the braided monoidal category with only one object it defines, {A, -I-, 0), has as 
double suspension the tricategory S^ A, treated in Examples 12.21 and 12.51 For any integer 
p > 0, we have 



Rep^{[pi^'A)^Z\[p],A) ^ Z'{A[piA) = K{A,3)p, 

whence AY.'^A — K{A, 3), the minimal Eilenberg-Mac Lane complex. Hence, from Theorems 
liTTj and lSXTl it follows that B(^,-|-,0) = |i^(A,3)|. 

If (C, (g), c) is any braided monoidal category, then a unitary representation of a category 
/ in the double suspension tricategory, / — > S^(C, ®, c), is what was called in 10, Definition 
6.6] and [12^ §4] a (normal) 3-cocycle of / with coefficients in the braided monoidal category. 
Therefore, the geometric nerve AS]^(C, (g), c) coincides with the simplicial set (TUl Definition 
6.7] 

Z^iC 0, c) : A"" ^ Set, [p] ^ ^^([p], {C\ ®, c)), 

whose p-simplices are the 3-cocycles of [p] in the braided monoidal category. The geometric 
nerve Z^{C,^,c) is then a 4-coskeletal 1-reduced (one vertex, one 1-simplex) simplicial set 
whose 2-simplices are the objects i^oi2 of C. The 3-simplices are morphisms of the form 

-F0123 ■ ^123 ® ^013 ^ F012 ^ F023, 

and, for p > 4, the p-simplices are families of 3-simplices 

Fijki ■■ Fjki Fiji -^ Fijk ® Fiki, 
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0<i<j<k<l<p, making commutative, for 0<i<j<k<l<m<p, the diagrams 

[Fklm ® Fjkm) (E) Fijm 

Fjklm.^1 

{Fjkl ® Fjim) ® Fijm 
(l(»Fiji^)c 

Fjkl ® {Ftjl Fu,n) 

From Theorems 14.7.11 and I5.3.T1 we obtain the foUowing known result: 

Theorem 5.5.1 f [101 Theorem 6.11]). For any braided monoidal category (C, 

is a homotopy equivalence B(C, ®,c) ~ \Z^(C,(E),c)\. 



a{Fijkl 



{Fklm ®F^jk) ®F^km 


C01 


{Fijk ® Fklm) ® Fikm 


(l(SFik,,„)a 


F^jk «> [F^ 


kl ® Fum)- 



,c), the 



5.6. Example: Geometric nerves of monoidal bicategories. If {B, (Xi) is any monoidal 
bicategory, then we define its geometric nerve, denoted by 

A(B,0), 

as the geometric nerve of its suspension 3-category S(S, iX)) ([57l) . That is, 

A{B,(gi) : A°P -^ Simpl.Set, [p] H- Rep^([p], I](B, ®)). 

Then, Theorem 15.3.11 particularizes to monoidal bicategories stating the following: 

Theorem 5.6.1. For any monoidal bicategory (£?, (g)), there is a homotopy equivalence 

(76) B{B,^)~\A{B,®)\. 

5.7. Example: Bicategorical groups and homotopy 3-types. A bicategorical group, 
also called a (weak) 3-group, or Gr-bicategory, is a monoidal bicategory (i3, (8)), in which 
every 2-cell is an isomorphism; that is, all the hom-categories B{x,y) are groupoids, every 
morphism u : cc — > y is an equivalence, that is, there exist a morphism u' : y ^ x and 2-cells 
uou' => ly and Ix => u' ou, and each object x has a quasi-inverse with respect to the tensor 
product; that is, there is an object x' with 1-cells 1 — ?► x®x' and x' ®x ^ 1. In other words, 
a bicategorical group is a monoidal bigroupoid {B, ®) in which every object x is regular, in 
the sense that the homomorphisms x ® — : B ^ B and — ® x : B ^^ B are biequivalences. 

If {B, ®) is any monoidal bicategory, then its geometric nerve A{B, ®) is a 4-coskeletal 
reduced (one vertex) simplicial set, which satisfies the Kan extension condition if and only 
if {B, ®) is a bicategorical group. In such a case, the homotopy groups of its geometric 
realization iTiQ{B, ®) — niA{B, ®)) are plainly recognized to be 

- TTiBiB,®) = 0, if i^ 1,2,3. 

- TTiB{B, ®) = OhB/ ~, the group of equivalence classes of objects in B where multi- 
plication is induced by the tensor product. 

- 7r2B(i3, ®) — Aute(l)/— , the group of isomorphism classes of autoequivalences of 
the unit object where the operation is induced by the horizontal composition in B. 

- 7r3B(B, ®) — Aute(li), the group of automorphisms of the identity 1-cell of the unit 
object where the operation is vertical composition in B. 

Thus, bicategorical groups arise as algebraic path-connected homotopy 3-types, a fact 
that supports the Homotopy Hypothesis of Baez [2 . Indeed, every path-connected homotopy 
3-type can be realized in this way from a bicategorical group. That is, for any given path- 
connected CW-complex X for which TTiX = for i > 4, there is a bicategorical group 
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(i3,(8)) such that B(S, (g)) is homotopy equivalent to X, as we show below (cf. Berger [5], 
Joyal-Tierney [26], Lack [28], or Leroy [30], for alternative approaches to this issue). 

Given X as above, let M C S{X) be a minimal subcomplex that is a deformation retract 
of the total singular complex oi X, so that \M\ ~ X. Taking into account the Postnikov 
fc-invariants, this minimal complex M can be described (see |16[ VI. Corollary 5.13]), up to 
isomorphism, 

(77) M = K{B, 3)xt{K{A, 2) XhK{G, 1)), 

by means of the group G = ttiX, the G-modules A = ■K2X and B = ttsX, and two maps, 

h:G^ ^ A, t-.A^xG'^^B, 

defining normalized cocycles h £ Z^{G,A) and t S Z^{K{A,2)XhK{G,l), B). That is, M 
is the 4*'' coskeleton of the truncated simplicial set 



tr4Af = B^xA'^xG^ 



—^ BxA^xG^ 

d4 



d-i 



^ AxG^^^G 



rf2 



whose face and degeneracy operators are given by (ct^ G G, xj e A, Ufc G B) 
a-i i ^ 0, 



dt{xi,cri,a2) 



dj (mi , xi , ^2 , 2:3 , CTi , 0-2 , 0-3 ) 



aia2 i = 1, 
(Ti i — 2. 

C^i a;3,cr2,cr3) 

{X2 +Xz,(TiCr2,<Tz) 

[Xi +X2,(Ti,a2(Jz) 

{Xi - h{ai,(T2,(Jz),(7i,<72) 

dt{ui,U2,U3,Ui,Xi,X2,X3,X4,X5,xe,ai,a2,cr3,a4) = 



C^i U4,'^^ X4,'^i Xs,"^ X(i,(J2,Cr3,Cr4) 

(u3 + U4,X2 + a;4,a;3 + a;5,a;6, (Tio-2, o'3, ^4) 
(u2 + U3,2;i +a;2,a;3,X5 + xe, txi, cr2cr3, 0-4) 
(ui +U2,a;i,X2 + a;3,X4 + xs, cri, 0-2, cr3(T4) 

(ui,Xl,X2,X3,cri,cr2,0-3) 



0, 

1, 

2, 
3. 



i = 0, 

= 1, 
= 2, 
= 3 

= 4, 



where Ml = ui-t{xi, X2: X3, Xi, X5, xe, ai, a2, (73, a^) , xi = xi-h{ai, a2, cr3ai)+h{ai, a2, CF3), 
X2 = X2 - ^(o'iO'2,cr3,a-4) + '^1 /i(cr2, 0-3,(74), and X3 = X4 - "'i /i ((72, 03, 0-4). 

Si(cri) = 



(0,1, (Tl) i = 0, 
(0,CTi,l) i=l. 

(0,0, 0,Xi,l,cri,cr2) 
Si{xi,ai,a2) = { (0,0,xi,0,(Ti, 1,0-2) 

(O,^!, 0,0,0-1,0-2,1) 



i = 0, 
1 = 1, 
i = 2. 
(0, 0, 0, ui, 0, 0, 0, xi, X2, X3, 1, 0-1, 02, 03) i = 0, 

(0, 0,Ui,0,0,Xi,X2,0,0,X3,Oi,l,O-2,O3) i = 1, 

(0,Mi,0,0,xi,0,X2,0,X3, 0,0-1, 02, 1,03) i = 2, 

(ui,0, 0,0, xi,X2,0,X3,0, 0,0-1,02,0-3,1) i = 3. 

Then, a bicategorical group {B, dg)) with a simplicial isomorphism A{B, (g)) = Af is defined 

as follows: a 0-cell of B is an element a € G. If ct ^ r are different elements of G, then 

;B(o, t) = 0, that is, there is no 1-cell between them, whereas if o = r, then 1-cell x : ct ^ o 

is an element x E A. Similarly, there is no any 2-cell in B between two 1-cells x,y : a ^ cr 



Sj(mi, Xi, X2, X3, CTi, 02, 03) 
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if X 7^ y, whereas, when x ~ y, a, 2-ceU u : x => x is an element u & B. The vertical 
composition of 2-cells is given by addition in B, that is, 

(x => x) ■ (x =^ X) = (a; =^ x). 

The horizontal composition of 1-cells and 2-cells is given by addition in A and B respectively, 
that is, 

X V ^+!/ 

(cr 4" u) o {a \i.v a) ~ [a Xyu+v a). 

^ y x+y 

The associativity isomorphism is 

(x+y)+z 

a il-a a, a = t(a;,y, z, 0,0, 0,CT, 1, 1, 1), 

x + (y+z) 

and the of A gives the (strict) unit on each a, that is, Icr = : cr ^ cr. 

The (strictly unitary) tensor homomorphism <Si '■ B x B ^ B is given on cells of B by 

X V ^+''y 

(a ij-u (j) (g) (r JJ-t) t) = (err ij^u+'v ar), 

^ y x+'^y 

and the structure interchange isomorphism, for any 1-cells cr — > cr — > cr and t ^i' t ^>^ t, 

(x+'y) + (x' + 'y') 

ar JJ- ar, 

{x+x')+''{y+y') 

is that obtained by pasting in the bigroupoid B the diagram 




x+x 

where 

X = -t(0,0,0,-y,V,0,a,T,l,l), 

c = i(0, X, 0, 0, "y, 0, a, r, 1, 1) - t(0, 0, x, -y, 0, 0, a, r, 1, 1) - t{x, 0, 0, 0, 0, "y, a, 1, r, 1), 

X = -i(0, X, x', 0, 0, 0, CT, T, 1, 1) + t{x, 0, x', 0, 0, 0, cr, 1, r, 1) - i(x, x' , 0, 0, 0, 0, a, 1, 1, t). 

The associativity pseudo-equivalence (— — ) — ^ — ® (— (g) — ) : i?"^ ^ i3 is defined by 
the 1-cells 

h{a,T,^) : (crT)7 -^ (^{tj). 

The naturality component of a, at any 1-cells a ^i- a, t ^)- t and 7 — ;■ 7, 

h = h{<T,T,-f) 

(crT)7 *- cr(T7) 



(crT)7 ■ 



h{(T,T,'y) 



x+'iy+^z) 
cr(T7) 
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is given by pasting in B the diagram 

(crr)7 *- (t(t^) s- (t(t7) 

4* 



■cr(T7) 




(crr)7 -—^ (crT)7 -^-^ (crT)7 



where 
$ = i(0, /i, 0, 0, '"^z, 0, a, T-f, 1, 1) - t{h, 0, 0, 0, 0, '^^z, a, r, 7, 1) - t(0, 0, /i, '^^z, 0, 0, ct, T7, 1, 1), 
* = t(/i, 0, 0, -y, 0, 0, a, r, 1, 7) - tih, 0, 0, 0, -y, 0, a, r, 7, 1) + i(0, /^, 0, 0, '^y, 0, a, T7, 1, 1) 

-i(0,0,ft,Y0,0,a,T7,l,l), 
fi = -t(a;, h, 0, 0, 0, 0, a, 1, r, 7) + t{h, x, 0, 0, 0, 0, a, t, 1, 7) - t{h, 0, a;, 0, 0, 0, a, r, 7, 1) 

+t{x, 0, /i, 0, 0, 0, a, 1, r7, 1) + t{0, h, x, 0, 0, 0, a, r-f, 1, 1) - i(0, x, h, 0, 0, 0, cr, tj, 1, 1), 

The structure modification tt, at any objects a, r, 7, 5 G G, is 

/ii— /i(crr,7,(5) 



((crr)7)(5' 

/i4— /i(cr,r,7) 



(crT)(75) 

^3 — /i((T,r,7(5) 



\P{Tl))0 ^ cr((T7)0) ^ Cr(T(7d)), 

TT = i(/i3, hx - ho, 0, /iQ, 0, 0, cr, T, 7, S) - t(/i2, /i4, 0, 0, 0, 0, a, T7, 1, S) 
+t{h2,0, hi, 0, 0, 0, cr, T7, (5, 1) - t{hz, 0, /ii - ho, 0, /iq, 0, a, r, 7(5, 1) 
+i(0, hz, hi - ho, 0, ho, 0, cr, t7(5, 1, 1) - i(0, 0, /12 + hi, ho, 0, 0, a, t^5, 1, 1) 
-i(0,/i2,/i4,0,0,0,a,T75,l,l). 
This completes the description of bicategorical group {B,®), whose geometric nerve is 
recognized to be isomorphic to the minimal complex M in (j77p by means of the simplicial 
map If : A(S, ®) — > M which, in dimensions < 4, 



A4(e, 






A2(e,0)^Ai(S,0) 



1, 



B^y.A^y.G'^^By.A^y. G^H^Ax G^ 



G: 



:S1, 



is defined as follows (keeping the notations stated in ([55)) — (1701) '): It carries a (unitary) 
representation F : [1] ^ Yj{B,®) to ip{F) = Fqi, a representation F : [2] ^ S(B, ®) to 
(^(F) = (--Foi2,-Foi,-F'i2), a representation F : [3] ^ I](;B, ®) to 

^{F) = (— -foi23, — ''^fi23 + Fo23 — -foia, "^^123 — Fo23j " "^Fi2'i, Foi, F12, F23), 

and a representation F : [4] — > S(/B, ®) to 

.^(F) = (ui,U2,U^,Ui,Xi,X2,Xz,Xi,X^,XQ,Foi,Fi2,F2'i,F^i), 

where 

Ul = "^^1234— F0124 + Foi34~-fo234, ^2 = "^^124— "^^134+^034 — ^024, 

"2 = ^0234~-foi34— °^-P'l234, X^ — "^^134—^034, 

"3 = ■^°^i^l234 - -F0234 , Xi = ^°iFi34 - ■^"^^124 " ■^"^^234 , 

"4 = -^"^^^1234, 2:5 = ■^"^F234--^"Fi34, 

a:i = F024 - -^"^124 - F014 , X6 = -^"^^234 . 

To finish, we shall remark on two particular relevant cases of the demostrated relation- 
ship between monoidal bicategories and path-connected homotopy 3-types. Since categorical 
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groups ,24j §3] are the same thing as bicategorical groups in which ah 2-cens are identities, 
then categorical groups are algebraic models for path-connected homotopy 2-types. This 
fact goes back to Whitehead (1949) and Mac Lane- Whitehead (1950) since every categorical 
group is equivalent to a strict one, and strict categorical groups are the same as crossed mod- 
ules. On the other hand, if (C, 0, c) is any braided categorical group [24], then its classifying 
space B(C, (8),c) is the classifying space of its suspension bicategorical group (E(C, 0), O) 
(see Examples 14.71 and I5.5|) . which is precisely a one-object bicategorical group. Therefore, 
we conclude from the above discussion that braided categorical groups are algebraic models 
for path-connected simply connected homotopy 3-types, a fact due to Joyal and Tierney 
[26,, but also proved in [8j and, implicitly, in [24j . 
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